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Abstract 

In a previous paper conformal gravity was derived by means of a 
precise action principle on the hypercone in the conformal space. Here 
it is shown that the same technique used to construct conformal spin 
two theory as represented by linear conformal gravity may also be 
used for the construction of conformal higher spin theories. The basic 
ingredients in these constructions are gauge invariant field strengths 
(curvatures). In fact, their very existence as manifestly conformal fields 
requires the present conformal theory. The general form of the actions 
for the free theories on the hypercone are given. In spacetime these 
actions are shown to be expressed in terms of squares of generalized 
Weyl tensors. Conformal spin three and four are calculated explicitly. 
The theories are proposed to be equivalent to the free theories given by 
Fradkin and Linetsky. Since the equations are of order 2s a consistent 
quantization is difficult to achieve but might exist. Interactions are 
expected to exist and is the motivation behind this approach. 
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1 Introduction 



String theory is expected to be a consistent way to describe higher spin 
states and their interactions. Since Witten's open string field theory [I] 
shows that it can be formulated as a field theory although of a generalized 
type, it is natural to expect that there is also a way interacting higher 
spin theory can be formulated within a more conventional quantum field 
theory framework. However, if one tries to set up consistent quantum field 
theories for higher spins from scratch one encounters severe difficulties as 
the vast literature on the subject shows. (For reviews see e.g. OGHHj.) 
Thirty years ago Fronsdal succeeded in writing down Lagrangians for free 
higher spin fields |5, 6J. However, no interaction theory has been possible 
to set up in a standard local way. If one wants to be successful in this 
approach it is therefore probable that one has to consider generalized or 
unconventional field theories and not standard local field theories with at 
most second order derivatives. In fact, Witten's open string field theory 
has the features of a nonlocal quantum field theory [7J. It contains also 
an infinite number of higher spin states. Now unconventional interacting 
higher spin field theories with an infinite number of different higher spins 
need not necessarily coincide with the string theory (see e.g. the proposal 
in [8]). There is also a wide spread view that the massive higher spin states 
like the masses in string theory should be generated by some spontaneous 
symmetry breaking mechanism. One approach could be to find how the 
unbroken phase of string theory looks like. (For specific approaches to the 
tensionless string, see e.g. [9],[TU] ) . Another more general approach could 
be to continue the effort to find an interacting massless higher spin theory, 
and/or to consider a conformally invariant higher spin theory as a candidate, 
which is the approach of the present paper. 

Free higher spin fields and the equations and conditions they have to 
satisfy may be derived in many ways. Usually one considers a group the- 
oretical derivation (see e.g. |TT1 [12l [131 [T3l [T5l [16] ) . O ne may also derive 
their possible forms by viewing the fields as wave functions in the quan- 
tum theory of a relativistic spinning particle model. This is the procedure 
I prefer myself. In fact, all free representations should be possible to de- 
rive by means of the procedure in [T7], which also is a procedure to derive 
all possible spinning particle models. Notice that in this way one always 
obtain wave functions that are gauge invariant which then are to be iden- 
tified with field strengths (or curvatures). Such gauge invariant objects are 
also becoming increasingly more popular in the higher spin theories in the 
literature [T8|[T9l[20l[23l[2T|[22l[ni[T6] . Anyway, to find consistent sets of lin- 
ear equations for higher spin fields are not too difficult. It is a much more 
difficult to find a Lagrangian formulation for these equations. 



3 



In most of the literature on higher spin fields one uses a symmetric field 
of rank s to describe spin s for integer s. This is the case in this paper as well 
for d = 4. (However, in dimensions d > 4 fields with a more complex index 
structure enter.) The symmetric field is a gauge field generalizing the vector 
potential for spin one and the fluctuating metric for spin two. A gauge 
invariance is therefore necessary to impose. Fronsdal's Lagrangians [5j[6] 
are expressed in terms of such fields and have a restricted gauge invariance. 
However, there are natural gauge invariant field strengths or curvatures with 
larger gauge invariances. There are at least two different representations of 
these gauge invariant objects: One is the deWit-Freedman curvature [21] 
and one is the Weinberg field strength [25]. They are equivalent since one 
representation may be expressed in terms of the other (see appendix A). 
Which one to choose is therefore a matter of taste. In the literature the 
deWit-Freedman curvature is the most commonly used one. However, here 
I choose the Weinberg representations as a starting point since they appear 
naturally in my approach. 

In the following I will present a Lagrangian approach to conformal higher 
spin theories that I believe should allow for interactions. Although I only 
will describe the resulting properties of free fields with integer spins, the 
properties of these fields contain an unconventional feature already from the 
start. Due to the way I construct these models I am naturally led to theories 
where the fields satisfy higher order equations. Although this makes it easy 
to see that they are conformally invariant the concept of spins is e.g. blurred 
and should therefore only be taken at an abstract level. However, a more 
serious objection is that fields satisfying higher order equations are difficult 
to turn into consistent unitary quantum theories. This problem will not be 
resolved but at the end I will point out my view on the problem which allows 
for some hope. The Lagrangians which I eventually arrive at are of the form 



where C is a generalized Weyl tensor of rank 2s expressed in terms a sym- 
metric gauge field of rank s. C also contains s derivatives on the gauge field. 
The equations of motion from has the form 



which means that the gauge field satisfies an equation of order 2s. The 
form (jl.ip for free integer spins was also proposed by Fradkin and Linetsky 
in d = 4 [26,27J and was shown to be related to the Lagrangian given by 
Fradkin and Tseytlin in [28J. In section 6 I argue that their approach is 
related to the present one. This then strengthen my belief that there is an 
interacting theory at least in d = 4, since Fradkin and Linetsky also proposed 
the existence of cubic interactions in [26,27J. Furthermore, since they also 
have half-integer spins in their formulation this should also be possible to 



C oc C 2 




d s C = 



(1.2) 
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have within the present approach. (The free half-odd integer spin theory is 
straight-forward to work out.) 

In a previous paper [29] the manifestly conformal formalism of Dirac |30j 
was further developed. A precise action principle was given which also is ap- 
plicable to gauge theories. The paper was divided into three parts: In part 
one the manifestly conformal particle in interaction with external symmetric 
fields of arbitrary ranks was shown to be consistent provided these external 
fields satisfy certain conditions. This indicated that interactions are possible 
provided these conditions are met. In part two the first quantization of the 
manifestly conformal spinning particle model in [3T] was set up and studied 
in details for spin one and two. The resulting wave functions were then can- 
didates for a manifestly conformal field theory. In part three the conditions 
for a manifestly conformally invariant Lagrangian field theory were given. 
The wave functions from part two had then in general to be modified in or- 
der to become allowed manifestly conformal fields. Although the conditions 
from part two for spin one could be retained, spin two was shown to require 
a modification. This modification allowed then for a manifestly conformal 
Lagrangian formulation for conformal gravity. 

In this paper I extend the treatment in [29] for free spin two fields to 
higher spins. It turns out that the corresponding modifications of the gauge 
invariant field strengths found necessary for spin two may be generalized to 
the field strengths for arbitrary integer spins in arbitrary even dimensions. 
The crucial conditions are that the gauge invariant field strengths exist as 
manifestly conformal fields. In the presentation given here I will, however, 
reverse the actual derivations. I will start with a spacetime treatment in 
d = 4 (part I) and then turn to the manifest formulation for d = 4 (part II) 
after which the generalization to arbitrary even dimensions d is given (part 
III). Since I in general do not give general proofs, the general properties 
are stated as proposals. Most of the proposals are supported by explicit 
calculations for spins 2, 3 and 4. 

For other recent approaches to conformal higher spin theories, see e.g. 

[HaEalEl]. 
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Part I 



The spacetime formulation 

2 The structure of the conformal higher spin 
models 

The forms and the equations determining free higher spin fields may be 
derived in many ways. Usually one considers a group theoretic derivation 
directly within the field formulation (see e.g. |11|112|I13|I14|115|I16J ) . Personally 
I prefer to derive the forms and properties of these field representations by 
viewing them as wave functions in a quantum theory of a spinning particle 
model. In this way one will always find gauge invariant fields. Their expres- 
sions in terms of gauge fields or gauge potentials are determined through 
the equations they satisfy. Anyway this is a precise way to determine a rep- 
resentation. The problem is then to find what relativistic spinning particle 
models are possible. In [T7] a general procedure is given for the derivation of 
in principle all possible spinning particle models. (In [35U36] it is e.g. proved 
by this method that Wigner's continuous spin representation follows from 
a definite higher order particle model.) The most natural particle model 
yielding a massless representation for arbitrary spins after quantization is 
the 0(2s) extended supersymmetric particle model, where s is the spin. (Its 
connection to higher spins was independently proposed in [32|38l[39].) The 
quantization performed in [39] yields here in a natural way a representation 
which seems to be the Weinberg representation [25]. For integer spins s and 
in spacetime dimension d = 4 the field strengths (or the wave functions) 
have 2s indices, 

with antisymmetry in the indices (fj, n ,v n ) for all n and symmetry under 
interchange of the pairs (/i ra , v n ) and (p, 

mi Vm) for 9- n y and n. In addition, 

F satisfies 

Fnivin3V2-n,*'s( x ) +cycle(jjLi,u 1 ,fi2) = 0, 

(x) + cycle(p, m, ui) = 0, (2.2) 

and the traceless condition 

r]^ lfl2 F^ lUlfl2U2 ...^ sU3 (x) = 0. (2-3) 
F also satisfies the condition 

d^ 1 F fill/1 n 2ll2 ... flslls (x) = 0, (2-4) 
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which together with the last relation in (|2.2I) imply 



UFww-wA*) = 0- ( 2 - 5 ) 

This shows that the representation is massless. (For s = F is a scalar and 
in this case (|2.5p is the only equation.) 

The conditions (|2,2|) may be solved in terms of a gauge field </>, 

^l^/ttm-^f.C 1 ) = d lVs ' ■ ■ 9 [M2 9 [w^i]^]-^]( x )' ( 2 - 6 ) 

where the gauge field <ft is totally symmetric. With the notation on the 
right-hand side I mean antisymmetrization in uj.) for A; = 1, . . . , s. For 
instance, for spin one (s = 1) we have the Maxwell field 

F iw = %,.4>v\ = - du^. (2.7) 

For spin two (s = 2) 

1 

is the linearized Riemann tensor. The field strength F in (|2.6|) is obviously 
invariant under the gauge transformations 

<l> vw -u s {x) -» $v 1 v2-u a (x) + d {ui e U2 ... Us) {x), (2.9) 

where e... is an arbitrary symmetric function. In the following the repre- 
sentation given by (|2.3|) - (|2.5p and (|2.6|) will be referred to as the Weinberg 
representation (see |25|). In appendix A it is shown that this representa- 
tion is equivalent to the generalized curvature representation by deWit and 
Freedman [21] (without the conditions (12. 4p and (12. 5p ). 

Although it is always possible to determine free fields and their equa- 
tions for higher spins by various methods, it is not easy to construct a 
Lagrangian theory for these equations as the history of the subject tells us. 
Requiring second order equations for the symmetric gauge field Fronsdal 
has constructed consistent local Lagrangians [5 , 6j with restricted gauge in- 
variances. (Their forms have recently been extended to allow for full gauge 
invar iance [El[n2[lB[22[23[!31[G3.) 

When one turns to conformally invariant Lagrangian theories of the type 
considered in [29J it is very unnatural to impose the traceless condition (|2.3p 
for s > 2 as was shown for s = 2 in [29J within the manifestly conformal 
formulation. Fortunately the procedure to modify the above equations for 
s = 2 given in may be generalized to s > 2. This means for the space- 
time treatment that I propose the use of (|2.ip and (|2.6I) (implied by (|2.2p ) 
and no more for any s. In place of (|2.3|) I impose a new gauge invariance 
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which is not valid for the above conditions, namely the invariance under 
the generalized Weyl transformations given by Fradkin and Tseytlin in |28j . 
These transformations have the form 



J PlH2—fl. 



(x) — ► <f>i tltta ... li .(x) +J7( m/i2 A M3 ... Ats )(a;), (2.10) 



where r] is the Minkowski metric and A an arbitrary symmetric function. 
Since I also remove the equations (I2.4p and (|2.5|) . F will no longer strictly 
represent a spin s particle. Still, but somewhat inappropriately, I will refer to 
this representation as the spin s representation. The free field Lagrangians 
I propose are then of the form 

£ ot F 2 + a(F') 2 + j3(F") 2 + • • • , (2.11) 

where F is the field strength (|2,2p given in the form (|2.6p , and where primes 
denotes traces of F. Thus, the Lagrangian (|2.1ip contains all possible traces 
of F. I expect that the values of the real constants a, j3, ■ ■ ■ are uniquely 
determined by the invariance under the generalized Weyl transformations 
(|2.10p . For s = 1 this describes the free Maxwell theory, and for s = 2 it 
describes linear conformal gravity, 

CxR 2_^ {gf + _A_ ^ (2 , 12) 

where R' and R" are the Ricci tensor and curvature scalar respectively as 
was shown in [29J. I also propose that the Weyl invariant form of (|2.1ip for 
any integer s may be written as 

C oc C 2 , (2.13) 

where C is a generalized Weyl tensor which is traceless and of rank 2s. These 
proposals will be explicitly verified for the cases s < 4. 



3 The general procedure of construction 

Let me define the following tensor which has the same rank (2s) and index 
symmetry as F in (|2.ip 

W = F + Y^a k B kl (3.1) 

k 

where a k are real numbers, and where B k is of the form 

Bk = (FkV-rfsym, (3-2) 

where in turn F k is one of the traces of F and r\ the metric tensor. The 
number of r/-factors depends on the order of the trace F k . By sym is meant 
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that the expression is symmetrized to the same index symmetry as F. Fur- 
thermore, I choose B k to be normalized such that the following relation is 
true, 

B k -F=(F kV --- r,) sym ■ F = {F k r r --r l )-F = F|. (3.3) 

W is required to contain all possible expressions of the form (13. 2p satisfying 
(|3.3p . It is therefore crucial that one first determines all possible traces of F 
as well as the relations between them, since this knowledge is necessary in 
order to determine all possible different -B^'s from (|3.2[) and (13. 3D . As will 
be shown in the next section, for s > 3 the number of different B k is not 
the same as the number of different traces of F. Due to the many different 
ways one may arrive at a higher order trace of F one will often find that 
B k ^Bi although F k = F l . 

All Lagrangians to be considered in part I of this paper are defined in 
terms of the tensor W by 

C = W-F = F 2 + Y^a k Fi, (3.4) 

k 

where the equality follows from (|3.ip and (|3.3p . This relates the parameters 
in W to the parameters in the Lagrangian (cf (|2.1ip ). 

Theorem 1: The equations of motion from this Lagrangian is 
d s W = or explicitly 

d^d^---d»°W illvm ... tisVs =Q. (3.5) 



Proof: 

6C = 2(F-6F + Y,<*kF k -6F k 
^ k 

= 2(F + J2 a k B k) -SF = 

= 2 S+1 W -(d s 5^) = 2 s+1 (-l) s (d s W)-5(j) + d-( ). (3.6) 




Notice that if one adds a term J • <j> to C, where J is an external current, 
then the equations are 

QUI QV>2 . . . d tJ ' a Wp ilU1 ^ 2V2 ...^ sVs = Jv\vi—v s , (3-7) 

where consistency requires that the symmetric current J is conserved. (This 
is also required by the gauge invariance under (|2.9p .) Notice also that (|3.5p 
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and (|3.7p imply that the symmetric gauge field satisfies an equation of order 
2s. 

Due to the remark after (|3.3|) the tensor W determines the Lagrangian 
C but not the other way around for s > 3. 



Theorem 2: There is a unique choice of the parameters a k in (13. ip 
that makes W traceless for any integer s. 



For these values of a k W will be denoted C in the following. 

Proof: There is a general theorem that an arbitrary tensor (F) may be 

decomposed into its traceless part (C) and terms of the form (-B&). 



Theorem 3: If a k is chosen such that W = C {i.e. traceless) then 
the Lagrangian (|3.4p may be written as 

C = C 2 . (3.8) 



Proof: Since C is traceless the following equality is valid: 

B k C = 0, for all k. (3.9) 

Hence, 

C C = C -W = C -F. (3.10) 

The equivalence between (|3.4p and (|3.8p follows , 
This proof and theorem 1 implies 



Theorem 4: The equations of motion from the Lagrangian (|3.8p is 
d^d^---d^C^ im ...^ s =0. (3.11) 



Proposal 1: There is a unique choice of the parameters a k in W 
given by (|3.ip that makes W invariant under the generalized Weyl 
transformations defined in (|2.10p . For these values W = C, the 
traceless tensor in theorem 2. 



This will be explicitly proved for s = 1,2,3,4 in the following sections. 
Notice that since the tensor W starts with F, which is not Weyl invariant, 
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the Weyl invariant tensor must involve a reduced number of components as 
compared to F. Tracelessness is therefore a natural property. For another 
general argument see section 6. Weyl tensors of the form proposed here are 
not entirely new. In fact, Damour and Deser [40] construct C for spin 3 by 
essentially the same method as used here. 

In the following C will be called the generalized Weyl tensor. It may 
either be defined through proposal 1 or theorem 2. 



Proposal 2: For W = C the theory given by the Lagrangian (|3.4p . 
or equivalently by (|3.8p . is conformally invariant in d = 4. 



Proposal 3: If there exists a conformally invariant Lagrangian in 
the form (|3.4f) then there also exists a Weyl tensor C of the form 
(|3.1|) in terms of which the Lagrangian may be written as (|3.8I) . 



These statements are indirectly proved for s = 1,2,3,4 through the mani- 
festly conformal invariant formulation later. 

4 Generalized Weyl tensors C for s = 1, 2, 3, 4 from 
the traceless condition 

4.1 C for s = 1 

For s = 1 the field strength F in (|2.6|) is traceless in itself and there are 
no parameters to be determined. Hence, one finds from (13. ip and (12.61) . 
= Cp,, = F^, i.e. just the Maxwell field (|2T7|) . 

4.2 C for s = 2 

For s = 2 the basic field strength F in (|2,6p is given by 

This expression is directly related to the linearized Riemann tensor, 

The symmetric gauge field <f> is then connected to the metric tensor g through 

(4.3) 
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The traces of F may therefore be identified with the linearized Ricci and 
curvature tensors: 



Ml £42 1^2 



I turn now to the general procedure in the previous section. The ansatz for 
the general Weyl tensor (13. ip yields here: 



where 



B\ ^ lUl ^2^2 — {R-Hili,2 r lv 1 V2)sym — ^^[/xi[^ 2 ? ?^2]^i]' 

-^2 li\v\ii2V2 — {R- r lii\ii.2 r ]v\V2)sym = ^-R ?7[/x! [/^^l^i] ' (4-6) 

One may easily confirm the validity of the normalization (j3.3H . The trace of 
the ansatz (|4.5|) becomes then 

f^iw = c o fi ww + dV^R, (4.7) 

where 

1 11 

c = 1 + -ai(d- 2), ci = - ai + -a 2 (d-l). (4.8) 



Hence, is traceless if 



ai = ~—2> ° 2= (d-l)(d-2)- (49) 



With these values of ai and 02 the VF-tensor (|4.5p is nothing but the lin- 
earized form of the standard Weyl tensor C. For these values the Lagrangian 
may therefore be written as 

C = C^^C, lVm , (4.10) 

which equivalently may be written as 

C = R» lUlfl2V2 R^v m + ai R^R^ 2 + a 2 R 2 (4.11) 

with the values (14. 9p inserted. This is in agreement with (I2.12p . and it 
is linearized conformal gravity which is a conformally invariant theory in 
d = 4. Its conformal invariance was also proved directly within the manifest 
formulation in [29], a proof which I partly recapitulate in subsection 10.2. 
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4.3 C for a = 3 



For s = 3 the basic field strength (|2.6p is given by 

where is totally symmetric. I find the following traces 
F' = n vlV2 F 

M3^3 ~ 2 MiM2^3f3 ~ 2 r nwxyavinsvai \^- LO ) 

where -F' is symmetric in and /X2, and antisymmetric in /i3 and 1^3. F" is 
antisymmetric. A different way to arrive at F" is 

M2^3 ~~ ' MlM2M3^3 ~~ ' ' A*1^1M2^2M3^3- l^- 1 ^ 

That there are two different ways to obtain F" implies that the tensor W 
is not uniquely determined by the Lagrangian (|3.4|) as is shown in (|4.24p 
below. 



One may notice that the cyclicity properties (12. 2p of the field strength 
(|4.12p imply the following property of F': 

^M/^MsH ~~ ^3^2/^3 ' (4-15) 

a property that will be used in the manipulations below. 

The ansatz W in (|3.1I) for the generalized Weyl tensor C is here 

W / jUlVi/^2^2M3^3 = -^) 1 ll'lAi2I / 2M3^3 ~l~ /Xl^i/^2^2M3^3 

+CK2-B2 ll\V\tl2V2iLZV?, a 3^3 il\V\tl2V2il'SVzi (4.16) 



where 



B\ ^ii^i/^2^2M3^3 — (^in^^a^^i^sym — ^-^ii^Ms^^W] + 



^Zl^WwMU'l 7 ^]^] + 4 ^[Ai3[^lM2^2^l]^3]' ( 4 -17) 



^2^11/1^2^2/^3^3 — (^^ A u: i V^ifJ.2 r li'iU2)sym — gV\jii\jiaVv2]vi]Fn 3 v3 

+ qV[hi[h 3 Vu 3 ]u 1 ]FI1 :2V2 + ^[^[^v^Kiw ( 4 - 18 ) 



-S3 Mi^iM2^2/i3^3 — (^^^Vv^Vm^sym — g^^lAtS^slI^i^i]^] 

"S^IMI^I^ 7 ?^]^] - F £l[M2^2][/AM]- ( 4 - 19 ) 
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Notice that 



R, 7?MlflM2^2/t3^3 — ( p' n \P^ 



P' p< AilA»2M3^3 



R„ pmv\W2.H3Vz — (pl' n n \ p^WWl vitxzvz 

D 2 H\v\iiiW2.nzvz r — \ r p z vz'lV\pi'\v\V2) r 



W3' 
pll p'l M3^3 



R„ p^W\^2V2^zvz —(P'l „ „ 



F'; 21/3 F"^, (4.20) 



in agreement with the normalization (|3,3|) . Notice also that the two dif- 
ferent forms, i?2 and i? 3 , for F" are directly related to (14.130 and (|4.14|> 
respectively. 

The trace of the ansatz (|4.16|) is 

ri UlU2 W^ lUlfJ-2U2fl:jU;i = Co -^txm^gvg + c i r ?A t iM2 -^3^3 + 

+ c 2 fvtw^Jw + ^[Ma^alMs) ' ( 4 - 21 ) 



where 



1 1 1, , 1 

co = 1 + -dai, ci = -ai + -(d - l)a 2 + -a 3 , 

P2 = --(ai + a 2 )--(d-l)a 3 . (4.22) 
Hence, the ansatz (I4.16D for W is traceless if 

ai = ~^ a2 = a3 = WTTy (423) 

(cf. the calculations given by Damour and Deser [40J.) 
The Lagrangian (|3.4j) is here 

C = F 2 + ai F' 2 + (a 2 + a 3 )F" 2 , (4.24) 

which for the values (|4.23[) may be written as 

C = C 2 , (4.25) 

where C = W for the values (|4.23|) . The equations of motion are 

d 3 C = 0. (4.26) 

As a side remark one may notice that although Weyl invariance under 
the general Weyl transformations (I2,10|) of the Lagrangian 

C = F 2 + /3\F' 2 + f3 2 F" 2 (4.27) 
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determines the two /^-parameters, it does not determine the three a-parameters 
in the ansatz (|4.16p for the Weyl tensor. A consequence of this is that the 
Lagrangian (|4.24p ~ (|4.25j) may trivially be written as 

C = C 2 + (3V ■ F, (4.28) 

where (5 is an arbitrary parameter, and 

V = B 3 -B 2 . (4.29) 

This follows trivially since 

V ■ F = (F"f - (F"f = 0. (4.30) 

For the equations of motion from (|4.28p this implies d 3 V = or 

8 3 C = ^d 3 {C + pV) = 0. (4.31) 

Notice that the tensor C + j3V for nonzero /3's is neither traceless nor Weyl 
invariant (see next section ). 



4.4 C for s = 4 

For s = 4 the basic field strength (|2.6|) is 

where the gauge field is totally symmetric. In this case I find the following 
five different traces 

P' = n VlV2 p 

± 1^2 M3 ^3/^4^4 — ' Ml J/ lA t 2^2M3l y 3A t 4! / 4 ) 

P" =L^P' — I„M1^2 1^2 p 

± fl3U3fl4U4 — 2 ' "l^B^W^ 2 /ill / lM2^2A t 3^3A'4^4 5 

= ^3^4 p' _ r) /ilM2 r) M3/i4 p 

^tUVSVaVi — ' V\V2^'i VZ\14 V4 I I V2H3V3H4 ^4 ! 

1 

2 

1 

2 



P W = r.^31^4 p" _ _ T ,fl"2 T) Ml/i2 T ,M3M4 F 

77 = _ I^n^ ^31/4 mim2 p /4 oo\ 

<J — l\ r v- A V4 — r, '/ '/ '/ '/ - r Ml^lM2^2A'3^3M41'4 5 ^I.OOJ 



where i*" is symmetric in z^i and ^2 and antisymmetric in /i3^3 and ^4^4. 
It is also symmetric under interchange of the pairs ^3^3 and //4Z/4. F" is 
antisymmetric in ^3^3 and //4Z/4 and symmetric under interchange of the 
pairs ^3^3 and ^4^4. G" is symmetric in V\v% and 1/3 1/4 and symmetric 
under interchange of the pairs v\Vi and ^3^4. 

Here I find the following alternative relation 

P" — n^ifJ-3 p' — „i^iM3 r? AtiM2 p (A OA) 

L V1V3il4V4 ~ 'I 1 V\V1\13V3 il4 V4 ~ 'I '/ 1 Ml^lA 1 2^2A 1 3^3A 1 4^4 >V* ,ty */ 
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which implies 



-pi" — zp" _ TJ «^AH TI i p iA*3 ri Ati^a z? 

^3^4 _ ' ^2^3/*4^4 ~~ ' ' ' - r A 1 l^lA t 21'2M3^3At4^4) 

U — II 1 v , v . — 1/ // // // 1 ^\V-ifJL2V2^3Vz^4V4,- \<±.OOJ 



In addition I find the property 



f 1 " — fi 1 " 

This may also be viewed as still another relation for F", 



(4.36) 



r viV$V\V± — ^ Vi[i>2V3\va ~ VI '/ '/ '/ J- r Ml^lM2^2M3I / 3M4^4- 



(4.37) 



The cyclicities in (|2.2p imply here 



F' 

^l[^2M3]^3/i4f4 

F" = - 

M3 [l / 3M4]^4 



-F' F' 

^l!^3^2M3M4^4' V\V2H3[V3IJ,^V4, 



-F' 

V\V2I13VHVZ11.A ' 



-F" 

IL'iUiV'ilH 



(4.38) 



That much about the properties of the traces. 
The ansatz f)3. 1 1) for W is here given by 



W, 



Ml t/ lM2^2M3l y 3A 1 4^4 



F 



/^l ^1/12^2^3^3^4 ^4 



+ ^ "fc-Sfe /ll 



fc=l 



1/1/12^2/13^3/^4^4 ) 

(4.39) 



where the nine different -Bi.-nelds are 



B\ /liVi/12^2Ai3^3M4l'4 
-E>2 /11^1/12^2M3^3M4^4 



5; 
5. 



3 /ll^/J2^/13^3/M"4 

4 /tl^l/12^2M3^3/»4l y 4 

5 HlVl^VzHzVsllAVA 



6 /ll^l/12^2/13^3A t 4I / 4 



7 /lli/l/12^2/13^3A t 4l/4 



5; 



8 jU 1^1/12^2^3 ^3/M ^4 



VlV2/13^3/t4^4 ? ?/ 1 l/'2ysj/mi 



1 



2 (-^1131/3/44^4 VlH^Vvi^aym.) 
V^V2 ^3/14 !^4 ^Mi A»2 A»3 ) ' 

(G V1U2 VZUA TJlXlfJ.2 ^3/^4 ) S J/m ) 
1 

(-^3 ^4 ^Mi M2 1 M3 ^2/14 )si/m j 

Ml M2 ^ 1 ^2 ^3 M4 ^4 ) sym ) 



r, (-^31/4 r //ii/i2 ? ?i'ii/2 ? ?/i3A»4)sj/m) 



-69/11^1/12^2/13^3/141/4 ~~ f^( ? ?/ll/12 r /l/i/i3^2/14 r ?^3l / 4)sym- 



(4.40) 



(These expressions are explicitly written down in appendix B.) Notice that 
the three different forms, S2, -B3 and S4 of F" are directly related to (14.331) . 
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(|4.34ft and (14.370 respectively, and that the two different forms, Bq and B-j 
of F'" as well as the two different forms, B^ and Bg of U are directly related 
to (|4.33p and ()4.35p respectively. (This explains why I have introduced a 
factor one-half in B2, Bq, and B% above.) 

The trace of the ansatz (|4.39p for W will be expressed in terms F', the 
higher traces of F and 77's combined in expressions with the same symmetry 
as F'. We have 



10 



/ A t lflM2f2M3I / 3A t 4* / 4 



coK 



1/11/2/131/3/141/4 



1=1 



(4.41) 



where Ei are different for different I's all with the same index symmetry as 
F' . There are ten such expressions. They may e.g. be written as (without 
choosing a particular normalization) 



E 
E- 



1 l/i 1/2/13 1/3 /Ml/4 

2 1/1 1/2/13 1/3/14 1/4 



7?" 

•}v\ 1/2 " /13 1/3 fJ,4 V£ 1 



1 I ■ i>{\l>\J>:;\t"2 r ?[M3[M4-^i/4]l/2." , 
+ r ?[M4[M3^ 3 ]l/lf4]^2 ~^ r ^[^i[^Z E V 3 \v'iV4\vi 

1 „ 77" 

'[M3[M4 V4\viVz\V\ ] ' 

+ 7 ?J/l[^4-^ 4 ]l/ 2 M3^3 ^2[Ai4-^ 4 ]^l/i3^3' 

r"' 

^^[/^[/M-^ 1/4] 1^]) 

^[^[^ ^i^] 1/3] -^1/1 1/2 ' 

n r? P'" _|_ 77 r? p'" 
'/i/i[/13 7^2 [|*4 1/4] 1/3] "1 '/j^[/i3'/i^[A«4-^W4]l^]' 

P'" -I- P"' -I- 

^l/l [/13 ^1/3 ] [/I4 1/4] iaj ' ""2 [M3 ^3 ] [/*4 ^ 1/4] J^. ' ' 

^Wl [/14 ^4] [M3 ^Va]u2 ^2 [/14 ^4] [/13 ^1/3] 1/1 ' 
^1 »2 V [/I 3 [A*4 ^4 ] f3 ] ^ 



+ 



^3 1/11/2/131/3/141/4 1 

E>4 I/lI/2W3M4^4 : 

-^5 1/1 1/2/131/3/14 1/4 : 

E7 1/11/2/13^3/^41/4 : 

-^8 1/11/2/131/3/141/4 : 

-^9 1/1 1/2 /13 1/3 M4 1/4 : 
-E'lO 1/11/2/13^3/^41/4 



^1/1 [/!." ■ 



4 Vi\VlV3\U2 



3" I/3J1/2/141/4 ' "u[M3 U3]vifJ,4,U4 



T }vi\jlz r lv3\\p,A r }v4\V2, + ^1/2 [/13 ^3] [/^4 ^1/4] 1/1 ) ^ 



(4.42) 
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Since the traces of the -B^-fields are (suppressing indices) 

B ' 1 = ki ( (d + 2)F ' + 2El ~ E3 + E4 ) ' 
B' 2 = -L (2(d - \)Ek - 2E 3 + E^j , 

B' 4 = ^ Q(d - 3)£ 2 - 3£ 3 + 2i?5 - £7) , 
B ' 5 = h {~\ E2 ~ E3 + dEi + 2Eb + ' 

B ' 6 = T§2 ( 2(d " 1} ^ 5 + (d " 2) ^ 6 + 4 ^ 7 " 2Es + Eg ) ' 

B ' 7 = 1^2 ( 6 ^ 5 + 2jBe + ^ 7 " (d " 2) ^ 8 " ^ 10 ) ' 
^ = ^2(^-1)^9-4^, 

B 9 = ±-(2E 9 -(d-l)E 10 ). (4.43) 
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I find (I4.4ip with the following values of the coefficients q 

co = 1 + 24 a-i, 
If (d-1) 

C2 = (a 3 + (d- 3)a 4 - a 5 ^ , 

cs = ~( ai + a 2 ) - -a 3 - ^a 4 - -La 5> 
1 / d 



C4= 2iV ai + 2 a5 

1 . . (d- 1) 1 

C5 = 24^ 4 + ab > + 96 ae + ^ a ?' 

1 / (d-2) 1 
C6 = 48 V 2 + — 4 — ° 6 + 2 a7 

1 / d 
C? = 48 I _a4 + " 5 + a<3 + 4 a7 

1 . . (d-2) 

c 8 = --(a 3 + a 6 )-^-a 7 , 

1 1 

° 9 = 192 a6 + ~^ as + 24 a9 ' 

cio = -^« 7 - -as - ^^« 9 . (4.44) 



Hence, a traceless (W = C) requires 

24 48 
a i = — ; — ~j «2 



d+2' z (d + 2)(d + 3)' 

96 48 



" 3 (d + 2)(d + 3)' " 4 d(d + 2)(d + 3)' 

48 192 



d(d + 2)' ' d(d + 2)(d + 3)' 

48 

a8 = 09 = d(d+l)(d + 2)(d + 3)- (445) 



The Lagrangian is here 
£ = C 2 = F 2 - 

+(a 6 + a 7 ){F'"f + (a 8 + a 9 )C/ z , (4.46) 



C = C 2 = F 2 + ai(F') 2 + (a 2 + a 3 + a 4 )(i 7 ") 2 + a 5 (G") 2 + 
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where a\ and as are given in (I4,45|) and where 

48(3d - 1) 



0:2 + 03 + 04 



d{d + 2)(d + 3) , 
384 

a6 + Q!7 ________ 

96 

Q8 + a9 = d(_ + l)(_ + 2)(_ + 3)' (447) 



from (|4.45p . 



As a side remark one may notice that although Weyl invariance of the 
Lagrangian 

C = F 2 + ^{F'f + f3 2 {F") 2 + (3 3 (G"f + 

+(3i(F m ) 2 + p 5 U 2 (4.48) 

determines the five /3-parameters, it does not determine the nine a-parameters 
in the ansatz for the Weyl tensor due to the expression (|4.46j) . This implies 
also that one may trivially replace the Lagrangian (|4.46p by 

4 

C = C 2 + Y J PiVi-F, (4.49) 

8=1 

where (5i are arbitrary parameters and 

V\ = B s — B 2 , V 2 = B4 — B 2 , 

V 3 = B 7 - B 6 , V A = B 9 - B 8 . (4.50) 

The reason is that the normalization (I3.3P trivially implies 

Vi-F = 0, i = l,2,3,4. (4.51) 
For the equations of motion from (|4.49j) this implies d 4 Vi = or 

d 4 C = & d 4 (C + ^A^) = 0. (4.52) 

i 

The tensor C + /?jVj is neither traceless nor Weyl invariant (see next 
section) for nonzero /^-parameters. However, the form C = W 2 requires 
W = C. 



5 The generalized Weyl tensors C from general- 
ized Weyl invariance 

In [28] the generalized Weyl transformations for free fields of arbitrary in- 
teger spins s, represented by symmetric gauge fields of rank s, are defined 
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by 

where rj is the flat Minkowski metric and A an arbitrary symmetric function 
with s — 2 indices. This should be viewed as an additional linear gauge 
transformation to (|2.9p . For the field strength F in (j2.6[) the transformations 
(|5.1|) imply 

F^ 1 u 1 fjL2V2---^sv s { x ) * F illVlil2V2 ...^ aVs (x) + 

sym{ pairs Haw) 

(5.2) 

where A is a "field strength" constructed out of the functions A in (|5,ip . i.e. 

^-^\V\^2V2—ii.k^k ( X ) = ®\p,k ' ' ' ^[/^^[Ml^l] 1 ^]— ffcjC 3 ')- (5-3) 

P in (|5.2|) is the second order differential operator 

PfJ,\V±IJ,2V2 = r ?[Atl[Ai2^2]^l] - 

The symmetrization in (15. 2p is in the pairs (//ji^). The definition (|5.4j) of 
P implies that P is symmetric under interchanges of the pairs (//i^i) and 
(^2^2) which in turn makes the symmetrizations in (15, ip and (|5.2|) similar. 
Below we treat the cases s = 2, 3, 4 explicitly. (A = for s = 1.) 

5.1 C for s = 2 

For s = 2 we have the Weyl transformation 

<W20) — ► ^iw( s ) + 1w^A(s). (5.5) 

It may be viewed as an infinitesimal scale transformation of the metric 
in (|4.3p . For the linearized Riemann tensor (|4.2|) this implies 

P^\v\iiiv2 ( x ) P^\v\ii 2 v2 + 2^ 1 ' /1 ^ 2 ^ 2 '^^' E ^ (5-6) 
from ()5.2p . For the Ricci tensor and the curvature scalar this implies in turn 

PfJ.1^2^ X ) * ^MlM2 + 2^ > / u lA t 2 / ^( :C )' 

R(x) — » P+^P"A(x), (5.7) 
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where 

^*1M2 = ^ 1 2 ^Ml ^1M2^2 = ^1^2 ^ + — 2)9^(^2, 

p" = ^j^ iw = 2 (d-l)n. (5.8) 

For the expressions -£>i and -B2 in (j4.6j) the transformations (|5.7p induce the 
transformations 

#1 ( x ) — > B i ^xn2v 2 ix) + jV]jj,i[iJ, 2 Vu 2 ]u 1 ] a Hx) + 

1 

+ g(rf — 2)P^ 1 iy 1 ^ t2 i/ 2 A(x), 

B 2 ^^(x) — ► B 2 p lVlli2V2 (x) + ~(d- l)ri { ^ 2 ri U2]ui] D\(x). 

(5.9) 

It follows therefore that the ansatz W in (|4.5p for the Weyl tensor C trans- 
forms as follows under (15. 5p 

1 1 

2 + 8 ( 

^ai + J(d - l)a 2 ^r ?[Ml[A12 ? ?I/2 ] i , l] DA(x). (5.10) 



Hence, the ansatz W is invariant under the Weyl transformation (15. 5p for 
the A-values 

ai = -(^)' a2= (d-lKrf-2)' (5 - 11} 

in agreement with the result of the traceless condition in subsection 4.1. For 
these values W = C, the linearized Weyl tensor. 



5.2 C for s = 3 

The generalized Weyl transformations (|5.ip becomes for s = 3 

0/111/142/1*3 0*0 * 4 > fJ,lfJ.2tJ>3\ X ) + r l^l^2^^?,{ X ) + r ?/ilM3 / ^M2( X ) + r ?/i2M3 / ^Ml GO) 

(5.12) 

which for the field strength (|4.12|) implies the similar transformation 

+^11/1^3^3^2^2 + B^ 2 V2^Z^Z^-^\^\ \ X )l (5-13) 

where 

A WI/1 (x) = 9 M1 A V1 - «9^A m . (5.14) 
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Eq. (l5,13p yields the following transformations for the traces (I4.13P 
p' y pi a. pi A (r) 4- P U2 A (t) 4- 

^"^13^3^2 1 ^A t l^l( X ) = ^)tlM2^31 y 3 "I" ^M2^M3^3 + 

+^1M2 DA M3^( 2; ) +^l[M3^3](^2^ P A p (x) - □A^(X)) + 

+^2[M3^3](^l 5PA p( :r ) " D V( X ))> 
^3 — » ^3 + ( d + 1 ) DA ^ 3 (^)- (5-15) 

These transformations together with (|5.13p inserted into the ^-expressions 
(I4.17p - (|4.19p imply that the ansatz in (|4.16p of the generalized Weyl 
tensor C transforms as 

W^tl^l/X2W2/i3f3 *■ ^il^l^2^2M3^3 + ^1 + (^1^1^21'2 A M3^3 ( X ) + 

+ -P / Ull'l/i3^3 A /^2^2 ( X ) + P H2.V21LZVZ ^-\L\V\ (%)) + 
+ + + 1 ) a2 )^l[M2^2]^l] DA M^( 2; ) + 

+Vl^ 3 Vv s ]v 2 } a KlVi( X ) + r ?[A t i[w^3>i] DA P2^( a; )) - 

^ai + i(d + 1)q3^ (^ Ml [ M2 ^ 2 ][ M3 nA V3]l/l] + 

+V[^l 1 lu 1 ][^ n K 3 ]u 2 ] + ? ?[Ml[M3^3][M2 DA H^l])- ( 5 ' 16 ) 

Hence, is invariant (W = C) for the a- values (|4.23|) in agreement with 
the result from the traceless condition in subsection 4.3. 



5.3 C for s = 4 

For s = 4 the symmetric gauge field transform as 

^Vl^2M3/M (•*•) * < ?VlM2A t 3A t 4 ( X ) "I" ^1^2 A ^3M4 (• r ) + ^3/^4 "Vl/J2 W + 

+^2^3 -Vi^W + Vmm,^n2ii3 \ x ) (5-17) 

under generalized Weyl transformations. This yields for the field strength 
(I4.32p the similar transformation 

^"l^lM2^2M3^3A t 4^4 * -^Ml^l^2^2A»31 y 3A t 4l / 4 + ^il^lM2^2 A ^3^3M4^4 ( X ) + 

"t"-^A t 3l'3P4^4 A A t ll / lP2^2 W + ^Ml^lMSl^ A £*2^2W4 + 
+-f/i2^2^4^4 A ^ll'l/J3l / 3 ( X ) + ^M2^2M3^3 A Ml^lM4^4 ( X ) + 
+-P/il!/l/i4^4 A /i2l'2A t 3l y 3( 2 ')' (5.18) 

where 

A /Ltl^l/X 2 V2 = ^[/Ltl , %t2 A f2]l/l]- (5.19) 
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This implies that the five traces (|4.33p transform under (|5.17p as 



F' (t) 

V\V1 H3I/3 /M,V4\ . / 



F' 



.□A„ 



+(d + 2)d Ul d L , 2 A fl3U3P4l/4 + r\ VlV2 ^±>. ll3V3ll4V4 



F" 

M3^3M4^4 



rill 



(x) 



1 



A"(x) + 



z 



U{x) - 



+(d + 3pA ft31/3 (x), 

{x) + (d + 2)d V3 d V4 k' UiV2 {x) + 
+{d + 2)<9 lyi d l/2 A / i , 3Jy3 (x) - d Ul d U3 A' U2U4 
—d U2 d U3 A ulU4 (x) — d vl d V4 A V2l/3 {x) — 
-d U2 d U4 A' ulU3 (x) + r] vlV2 Uh! V3V4 {x) + 
+r] U3U4 aA' uiU2 (x) + DA^x) + 
+^ 2 ^ 4 DA / l/iJ/3 (x) + r] U2V3 UA' ViV4 {x) + 
+r]u 1 u 4 OA' U2V3 (x) - 

-^V^Ad V3 A"(x) - -r ]l/11/4 d U2 d u . i A"(x) - 
-^Viy2iy3 d Ul d U4 A"(x) - -r)v 1U3 d V2 d V4 A"(x), 
F' u " iU4 {x)+ l -{d-2)d U3 d V4 A"(x) + 
+\^u^A"{x) + (d + 3)aA' U3U4 (x), 



U(x) + 2(d+ l)DA"(x), 



(5.20) 



where 



A' 



2 A 



PP-2 



(9 B p \ 

U H2 u A PMl ' 



A" = i^A^ = 2(DA' - d^d^X PlP2 \ 
X'^rj^X^, 



(5.21) 



from (|5.19p . The transformations in (|5.20p induce transformations for the 
nine ^-functions in appendix B. These and (|5.18|) inserted into the ansatz 
W in (I4.39|) for the generalized Weyl tensor implies that W transforms as 
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W, 



V1V1 fl 2 U 2 fl-i Vzfl4 V4 



i /ll Vifl2V2V3 "31*4 V41 

(5.22) 



where Mj depends on the metric tensor 77 and the A-functions in the gen- 
eralized Weyl transformations (|5.17p . Mj are explicitly given in appendix 



24 



C. The coefficients q depend on the a's in the ansatz (|4.39p for W and are 
given by 

(d + 2) 
ci = l+ 24 ai, 

1 / (d + 3) \ 

1 / (d + 3) 
C3 = 24P + ^ Q3 

c 4 = ^(^«5 + (d + 3)u | ) . 

1 / d 
C5 = 24^ 1 + 2 a51 
1 / , (d + 3) 



06 = 48 1 ° : ' + ' <h ' ' ' 

1 / (d + 3) 

if. . i 

° 8 = 48 I ^ ^ 8 + I" 6 

° 9 = ~ 2~4 + 1 ^° !9 + I" 7 ) ' 

If 1 (d-2) 

Cl ° = 48 V ° 4 + 2 a2 8 — ° 6 

1 

96 



(d-2) 

en = — I 03 — «4 — as H aj 



(5.23) 



Hence, it follows that W = C for the a-values (|4.47|) in agreement with the 
result of the traceless condition in subsection 4.4. 



6 Relations to the proposals by Fradkin, Linetsky 
and Tseytlin 

A conformal higher spin theory in a Lagrangian form yielding equations of 
the same order as those presented here seems first to have been proposed by 
Fradkin and Tseytlin [28J. (They only considered free theories for arbitrary 
spins.) The structure considered was very implicit. The Lagrangian for free 
integer spins was given in the form 

£ = ^wr.^'C?^'"", (6-1) 
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where eft is totally symmetric and where the spin projector P satisfies 

Vw k P£g::%'=0, 9 Mi P^«=0, any i, k(i^k) = 1,2,..., s. 

(6.2) 

These conditions obviously make the action to (|6,1|) invariant under the 
same gauge transformations as those considered here, i.e. 

Hl*lVa~H.(*) = d (pi £ P2-p a )( X ) + V(p 1 p 2 X p 3 -Ps)( X ) ( 6 - 3 ) 

for arbitrary symmetric functions £ and A. They noted that Maxwells theory 
and linear conformal gravity have the form (|6. If) for s = 1 and s = 2. 

Fradkin and Linetsky [26.27] further elaborated this approach. By means 
of a geometric /algebraic method they even proposed a version with interac- 
tions up to cubic order. For free integer spins they proposed an alternative 
form to (|6.1|) (see appendix in [25], and section 3 in [27]): 

C(x) = (-l) s C WM2 ... M3i/1 , 2 ..., s (x)C^^-^^^-^(x), (6.4) 

where the linearized Weyl tensor C has the form (symmetry in indices with 
the same letter) 

C — T> Plp2—ps,<n02—Vsf) f) . . . f) J. 

^ p,\p,2---PsV\V2--V s — I \h\H-2.—p, s ,VxV2—Vs U Pl U P2 U ps VCTl <J2 • • 'Cs 1 

(6.5) 

where the Young projector V s is associated with the irreducible traceless 
tableau 



Ml 




Us 









This means that V s is required to satisfy 



and 



P\P2---Ps,V\V2 



p\p2---ps,o\<J2---Os _ -pPlp2-- ps,o-lCT2 --o~s 
—Vs P1P-2--P a,!* 



— r T>P\p2--ps,<J\02--<Js 

— ' p\p.2---Ps,V\V2---Vs 



(6.6) 



jjaia2---a s ,/3ip2—f3 s <ppip2---ps,<7i<72"-<Ts _ <ppip2-- ps 
1 p,\p.2---p-s,v\vi--v a 1 a.ia.2—ot s ,f3if32—fis P-\P2--Pi 



,<71<J2—Cr s In n\ 



(V s is a sum of terms involving a real constant and products of Kronecker 
delta's and 77's.) Furthermore, V s is required to satisfy the conditions 



V 



plp2—ps-l,<Ts+l,&l<72"'<7s 
PlP2---Ps,VlV2---V a 



+ cycle(aH a's) = 0, 



(6i 
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and 



^"v&fty^ZZ: = o, k, i(k + 1) = i, 2, . . . , s . (6.9) 

The last two conditions make the Weyl tensor in (16. 5p invariant under the 
gauge transformations (|6.3|) . Integration by parts relates the Lagrangians 
(IfUj) and (J53D: 

Comment: Notice that this relation implies that the equations of motion 
may be written as (cf theorem 4): 

d^d^---d»*C^ nviV2 ... Us =0. (6.11) 

The Weyl tensors defined in section 3 have a similar form to (|6.5|) . How- 
ever the condition (j6.8l) is not satisfied. On the other hand it is clear that 
the difference is due to a different choice of representation of the above 
Young tableau. I would have found (16.5H if I had used the deWit-Freedman 
curvatures instead of the Weinberg representation F (cf property (|A.3p in 
appendix A). The above Young projector is therefore related to the deWit- 
Freedman representation. In my case the generalized Weyl tensors seem to 
have the form 

^ J fMl^lfJ,2^2--P-s^s — 1 H\V\pi2V2---HsVs U p\ U P2 ' ' ' U Pa Wl U2---cr s 

(6.12) 

with antisymmetry in [i^ and v\~ for k = 1,2, ... ,s, and symmetry under 
interchange of pairs Hk^k an d Hi^i, which is the symmetry relevant for the 
Weinberg representation. The conditions (|6.8f) and (|6.9f) should then be 
replaced by 

V^Xwl-Vsv* Ps ° a + cyc/e(any three indices fik^kfJ-i) = 0, (6.13) 

and 

^Mfcrt-pW Pi<np2<ra-Ps(r a _ n (R-]A\ 

which makes the expression (|6,12p invariant under the gauge transformations 
(|6.3p . The condition (|6.13p is identical to the first relation in (|2.2p . Also 
here we have the relations (|6.10p and (16. lip with V and C replaced by V^ w ^ 
and C^ w \ The similarity with the results of the construction in previous 
sections is obvious. In fact, in order to prove equivalence it remains only 
to prove that my construction satisfies condition (|6.13p which I guess is the 
case. 
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Proposal 4: The Weyl tensors (|6.12p are equal to the Weyl tensors 
defined in section 3 for all spins s. 



Part II 

The manifest formulation 

7 Manifestly conformally invariant theories 

There is a large class of massless theories that are conformally invariant. In 
d > 2 this means that one has apart from Poincare invariance also invariance 
under scaling, x^— >Ax^, and under the special conformal transformations 

u , u x^ + Wx 2 

X M -> X M = : -rr^T- (7.1) 

1 + 2b ■ x + b 2 x 2 v ; 

All these transformations form the conformal group. Although the transfor- 
mations are nonlinear the group is simply SO(d,2). This led Dirac [3U] to 
propose a manifestly conformally covariant formulation for conformal theo- 
ries. He did this explicitly for free massless scalar, spinor, and vector fields 
at the level of the equations of motion in d = 4. This formulation is given 
on a space of dimensions d + 2 called the conformal space. The coordinates 
on the conformal space are denoted y A = (y^ 1 ,y d+1 ,y d+2 ), and involve two 
time- like directions y d+2 )- The indices are raised and lowered by the 
flat metric 

VAB = diag(— 1, 1, . . . , 1, — 1). (7.2) 

SO(d,2) acts linearly on the coordinates y A and leave the scalar products 
invariant. Following Dirac the ordinary spacetime theory is required to live 
on a {d+ l)-dimensional hypercone in the conformal space. This hypercone 
is defined by 

y 2 = VA B y A y B = o, (7.3) 

which by definition is invariant under SO(d,2) transformations. Due to 
the projectiveness of this relation the dimensions of y A may be chosen 
freely. Choosing dimensionless coordinates y A on the conformal space the 
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Minkowski coordinates are reached by the nonlinear point transformation 

V -R, y-^y d+2 -y d+ \ 
y 

y~, 

y\ (7.4) 

where R is a constant with dimension length. ( I choose to have dimension 
length, and the additional variables 7 and p to be dimensionless.) This 
transformation is invertible and the inverse is 



y + ^- 2 {y d+2 + y d+l )- (7.5) 

This transformation is well defined for y~ ^ (7 7^ 0), and for such values 
the flat metric (|7.2[) induces an invertible metric g^ u (x) in the ^-coordinates 
given by 

9^u{x) = 7 2 ^- (7-6) 

On the hypercone y 2 = (p = 0) the extra variable 7 in (|7.4fl acts 
as a projective parameter. For the metric above we find a reduction to 
the Minkowski metric for 7 = ±1. However, as e.g. the conformal particle 
models show |41| . 7 may be chosen to be an arbitrary function of x^ 1 in which 
case the projected space is turned into an arbitrary conformally flat space. 
Conformal invariance in the sense of invariance under 

9tw K x )d^u (7.7) 

is obviously automatic for all conformal theories which are derivable from 
the manifestly conformally covariant formulation. 

8 The action principle for manifestly conformal 
theories 

Manifestly conformal fields are fields defined on the above conformal space of 
dimension d+2 coordinatized by y A , A = 0, 1, ... , d+2. The fields are either 
tensor or spinor fields on SO(d,2). In order for these fields to correspond 
to spacetime fields they have to satisfy some conditions. These conditions 
are homogeneity and transversality. Thus, all fields are required to have a 
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definite degree of homogeneity which means that they satisfy equations of 
the type 

(y ■ 8 - n)cP AB ...(y) = 0, (8.1) 

where 8a is a differential with respect to y A . The constant n is the degree 
of homogeneity of the (f> field. This condition is necessary in order to project 
the field to spacetime (see next section). Furthermore, all basic fields with 
tensor indices are required to satisfy the following transversality conditions 

y A AB -(y) = O, y B ^AB-(y) = 0, etc. (8.2) 

These conditions remove unphysical components from the tensor fields. Al- 
though the properties (|8.1|) and (|8,2|) only are necessary on the hypercone 
y 2 = 0, the action principle requires (18. ip and (|8.2j) to be valid on the whole 
conformal space [29J. 

The action for the manifestly conformal fields has the form |4iy29j. 

A = J dy5(y 2 )C(y), (8.3) 

where dy is the flat 0(d, 2) measure, and where C(y) is a local expression of 
the involved conformal fields. C must transform as a scalar under 0(d, 2). 
Furthermore, it must have the degree of homogeneity —d, i. e. it must satisfy 

(y ■ 8 + d)£(y) = 0, (8.4) 

This implies that the theory is invariant under y^Xy. This condition also 
restricts the form of C. 

In order to have a conformally invariant theory the action (|8.3p . and 
consequently the corresponding equations of motion, must also be invariant 
under transformations of the type 

4>AB-(y) 4>AB-(y) = 4>AB-(y) + y 2 4>AB-(y) (8.5) 

for all fields involved in C. This implies that only the part of the fields 
on the hypercone y 2 = is physically relevant. The invariance under (|8.5p 
allows us to choose cj) freely outside the hypercone y 2 = and to make all 
manipulations off the cone allowed. However, for the action (|8.3p invariance 
under (|8,5p is required only for restricted eft: Here we are free to choose <f> 
arbitrary except that it must be such that 0^0' preserves the homogeneity 
and the transversality properties (|8.ip and (|8.2p . Thus, (j) is transverse and 
has the degree of homogeneity n — 2 if <j> has the degree n as in (18. ip . 

The results for s = 2 and s = 3 in section 10 further on suggest that 
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Proposal 5: The actions are invariant under (|8.5p for arbitrary 
functions 4>ab— if they are invariant under (|8.5p for arbitrary in- 
finitesimal functions (j>AB—- 



One implication of the invariance under (|8.4jl seems also to be 



Proposal 6: If the action is invariant under the special gauge trans- 
formations (|8.5p then the equations of motion from the action (|8.3|) 
have the form 



i. e. they are entirely defined on the hypercone y 2 = 0. No derivatives 
on the delta function 5(y 2 ) appear. 



Notice that in the derivation of equations of motion all divergences of the 
form 



are assumed to vanish. Under this assumption the property in proposal 6 
has been checked for the models considered in [29]. Proposal 6 implies that 
the entirely theory is defined on the hypercone y 2 = 0. Both the action (|8.3p 
as well as the resulting equations of motion. This provided (|8.3p is invariant 
under the special gauge transformations (|8.5p which in turn makes the fields 
off the hypercone irrelevant. 

9 The reduction of consistent manifestly confor- 
mal field theories in d + 2 dimensions to d di- 
mensional spacetime 

The fields, the actions and the equations of motion in the above defined 
manifestly conformally covariant formulation in d + 2 dimensions may be 
reduced to d-dimensional spacetime by means of the general procedure given 
in [12]. Consider a general field F l (y) defined on the conformal space where 
the superscript i denotes tensor or/and spinor indices depending on the type 
of field. Note that i should be consistent with a linear representation of the 
conformal group SO(d,2). First the field is required to be a homogeneous 
function of the coordinates y A in the sense 



S(y 2 )(---) = 



(8.6) 




(8.7) 



(y A d A -n)F i (y)=0, 



(9.1) 
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where n denotes the degree of homogeneity. From the relations (17, 4p and 
(|7.5|) one finds 

y A d A = 7 — + 2p—, 7 = y-, p = y 2 . (9.2) 

Now since the gauge invariance under the special gauge transformations 
(I8.5p always allows for the choice of a p-independent field F l (y), i.e. 



F i (y)=F i (y)\ p=0 , d p F\y)\ p=0 = 0, 

d 2 p F\y)\ = 0, etc., p = y 2 , (9.3) 



one finds from (19.11) and (19.2 



^ Fl (y)\ P =o = nFl (y)\ P = - 

This relation allows then for a definition of a field / l (x) which only depends 
on the cf-dimensional coordinates x^. This definition is 

f l (x)= 7 - n F\y)\ p=Q . (9.5) 

To be precise one should notice that when i contains tensor indices we can no 
longer consistently impose (|9.3p due to the strong transversality conditions 
in (18. 2p . Here, as explained in [29J and the remarks below, one must split the 
field in terms of auxiliary fields and the explicit coordinates y A . One may 
then require weak transversality of the auxiliary fields which then permit us 
to impose (I9.3P on these auxiliary fields separately leaving the y 2 dependence 
in the explicit coordinates y A . This splitting does not change the degrees of 
freedom. It is just a way to specify how to get down to d dimensions. 

For non-scalar fields, which allow for the above procedure, (19. 5p is not 
enough to produce a consistent spacetime field. The reason for this is the 
following: Jab are the generators of SO(d, 2)-transformations. It has an or- 
bital, differential part Lab and a spin part Sab- The operator that generates 
translations, P M , which is equal to J +At , is supposed to act only differentially 
on the spacetime field. Now this latter operator may be divided into two 
parts as well 

J+H = L +p + S +fl . (9.6) 

In this expression, L +fl is the differential (orbital) piece while 5+^ is the 
intrinsic (spin) piece. The intrinsic piece is non-differential and should, 
therefore, be removed. This may be done by defining the true field on the 
d-dimensional spacetime as follows 



f(x) = V(x)f(x) = 7 - n V(x) ny)\ , (9.7) 
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where the operator V(x) is defined by 

V(x) = exp(-ix^S +ll ). (9.8) 

The field f t (x) behaves then as expected under translations, and depends 
only on the spacetime coordinates x^ . 

Now it should be mentioned that the projected field f % {x) in (|9.7p for 
tensor fields will yield unphysical components in addition to the expected 
physical ones. Although the transversality conditions (|8.2p remove some 
of the unphysical components (essentially half of them) the remaining ones 
should be removed as well. These components may e.g. be projected out by 
the additional condition [42j . 

(S-^ff = 0, for all fi and i. (9.9) 



Proposal 7: The remaining unphysical components projected out 
by the condition (19. 9p automatically disappear from the consistent 
actions and their equations. No additional conditions like (|9.9|) are 
therefore required for such theories. 



This statement is true for the models s = 1 and s = 2 as was carefully 
demonstrated in [29], and the results of this paper indirectly prove this to 
be true also for s = 3 and s = 4. 

Remarks: In order for tensor fields 4>ab-- to be completely arbitrary off 
the hypercone y 2 = the functions 4>ab— hi the special gauge transforma- 
tions (|8.5p must be completely arbitrary. However, the strong transversality 
conditions (]8.2p are also required for (j>AB—- A way to avoid this restriction 
is to express (j>AB— in terms of temporarily defined auxiliary fields which 
only satisfy weak transversality. For instance, in the following I consider 
symmetric fields 4>AB— of rank s. For them one has to write 

4>A 1 A 2 --A S = V Al A 2 -A s + V(Ai K l A 2 -A a ) + V(A i yA 2 K 2 A 3 -A s ) H 

VK s y Al yA 2 ■■■VA S , (9-10) 

where V and K{ are auxiliary symmetric fields with the homogeneity n and 
n — i respectively. They are recursively related by weak transversalities of 
the type 

y ■ V = y 2 K x , y-K r = y 2 K r+l for r = 1, 2, . . . , s - 1, (9.11) 

such that cf) in (|9.10p satisfies strong transversalities. {K s is a scalar and 
satisfies no transversality.) For V and Ki one may then apply the above 
procedure. Notice, however, that the original field <p does not depend entirely 
on x^ when this procedure is followed due to the explicit y's. Details for 
s = 1 and s = 2 for the fields in section 10 are given in |29j . 
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Reduction of the equations of motion: 

The equations of motion (|8.6p contains a delta function S(p). Thus, it has to 
be integrated over p which then only picks out the p = part of the manifest 
equations. (Only the equations on the hypercone are relevant [30].) From 
the required homogeneity (|8.4p of the Lagrangian C(y) it follows that the 
manifest equations multiplying 5(y 2 ) have the homogeneity — d — n if the 
field in question has homogeneity n. One may then follow the procedure 
above to impose (|9.4p and use the definition (]9.5p to produce well defined 
spacetime equations for any finite value of 7. Since the equations are zero 
the appropriate operator V(x) in (|9.8p may be multiplied. 

When the basic field is a tensor field, 4>ab—i then one has to be more 
careful due to the strong transversality conditions. For instance, a variation 
of a Lagrangian of the type to be considered in the next section, (110.91) . 
yields 

5{5{y 2 )C) = 5{y 2 )d s { ).5cj> + d-{). (9.12) 

In this case one finds the equations of motion, E = 0, where 

E^5(y 2 )d s ( ) + N, (9.13) 

where in turn TV" satisfies the identity N ■ 5(f> = 0, which only may yield 
a nontrivial iV if (f> satisfies a restriction like strong transversality. In fact, 
strong transversality implies that N may be quite arbitrary if only it contains 
explicit y^-factors since y-S(f> = 0. In order to reduce the equations of motion 
one has first to determine N. In fact, the part of d s ( ) that contains explicit 
y's from the rewriting in (|9.10j) determines N from E = 0. What remains 
is then the spacetime equations after integration over p and multiplication 
of j n+d . (All details for s = 1 and s = 2 are given [29]. In these cases 
N is expressed in terms if the unphysical components projected out by the 
condition (1931) .) 

Reductions of Lagrangians: 

The Lagrangians may be reduced to d dimensions as follows: From the form 
of the action (18. 3D one has 

£(y) = C(y,y 2 = 0). (9.14) 

From A8.4H . i.e. 

(yd + d)C(y) = 0, (9.15) 
it follows then from the steps (|9.4|) and (|9.5|) that 

£(x)= 1 - d £(y,y 2 = 0). (9.16) 
Since the Lagrangian C(y) is a scalar there are no further modifications. 



34 



Reductions of actions: 

The action becomes from (|9.14p - (|9,16p 



A = / dy5(y 2 )C(y) = / dy5{y 2 )C{y, y 2 = 0) = c / dxC{x 



where 



2 J 7 ' 



(9.17) 



(9.18) 



This constant is badly defined. In fact, the projection procedure [22] which 
is followed here is not well defined in the limits 7 — > ±0 and 7 — > ±00. 
However, since (|9.15|) is a consistent spacetime Lagrangian it follows that 
one may consistently treat c as a finite constant. This should be studied 
further (see [29]). (One may also notice that the projected spacetime should 
be a compactified Minkowski space |43j.) 



Proposal 8: The reduced Lagrangians (|9.16p (and actions (|9.17p ) 
produce equations of motion which are equal to the reduced equa- 
tions of motion. 



This is true for the s = 1 and s = 2 theories treated in [29], and the results 
of this paper indirectly prove this to be true also for s = 3 and s = 4. 



10 The construction of manifestly conformally in- 
variant theories for arbitrary integer s 

I follow here the procedure in [29 j for s = 1,2. This procedure requires fields 
on the conformal space which are analogous to the spacetime fields already 
considered. The spacetime field strength (12. 6p is therefore just formally 
lifted to a field strength on the d+ 2-dimensional conformal space, i.e. 

FA 1 B 1 A 2 B 2 ...A s B s (y) = d [As ■ ■ ■ d [A2 d [Al (p Bl]B2] ... Bs] (y). (10.1) 

This is the starting point here. Notice that the actual relation between 
(jlO.ip and (|2.6p is highly nontrivial (see next section). In addition to the 
properties in the spacetime treatment one has in conformal space to require 
the conditions of transversality and homogeneity. First, one has to impose 
the transversality (|8.2|) for 0, i.e. 

y Bl 0B 1 B 2 -BM = V- (10.2) 
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I would also like the field strength fllQ. If) to be a satisfactory field satisfying 
transversality. Now the transversality of the field strength (jlO.ip . i.e. 

y Al F AlBlA2 B 2 ...A a B 3 (y) = o, (10.3) 

requires 

d As {y Bs G Al B l A 2 B2 -As-iB s - 1 B s (y)) - 

-(yd + 1)G AiBiA2 b 2 ... As _ 1 b s - 1 a s (y) = 0, (10.4) 

where 

Ga 1 b 1 a 2 b 2 -a s - 1 b s - 1 c = 5[a s _! • • • d[ A . 2 d[ Al cf) Bl ] B2 ]... Bs _ 1 ]c(y). 

(10.5) 

When the condition (I10.2|) is inserted into (I10.4p one finds the condition 

(yd + 1)G Ai b 1 a 2 b 2 -A s - 1 b s - 1 a s (y) = 0, (10.6) 

which in turn from (110.51) requires 

(yd-s + 2)(f> BlB2 ... Bs (y) = 0, (10.7) 

since a derivative has the degree of homogeneity —1. Remarkably enough 
the homogeneity property (|10.7|) is exactly what is required for a symmetric 
external field in the action for the conformal particle ( see [29J). (Also found 
in a different setting in |44J.) It is the correct homogeneity for a vector 
potential s = 1, and it agrees with the homogeneity found for s = 2 in |29j . 

In the following I require the homogeneity (|10.7p for the basic, symmetric 
gauge field for arbitrary integer s. As a consequence the field strength, 
F, in (jlO.ip is transversal for arbitrary s, i.e. it satisfies the transversality 
condition (|10,3p . Now the homogeneity property (|10,7p also implies (through 
(fTfUj) and (flUBlO 

(yd + 2)F AlBlMB2 ... AsBs (y) = 0. (10.8) 

Hence a manifestly conformal Lagrangian satisfying the condition (|8.4p for 
d = 4 must have the form 

C(y) = F\y) + aF'\y) + 0F"\y) + ..., (10.9) 

where F', F" etc are various traces of F. a, (5, . . . are real constants. Notice 
that since the traces do not affect homogeneities we have 

(y ■ d + 2)Fi =0, (yd + 2)F". = 0, etc. (10.10) 

The form of the Lagrangian (|10.9p is exactly what we have considered in 
spacetime but now formally lifted to the two dimensions higher conformal 
space. In order to be able to reduce the action corresponding to (|10.9|) to 
spacetime we have to require invariance under the special gauge transforma- 
tions (|8.5|) (see next section). As we shall see this invariance determines the 
parameters a,/3, . . . in (I10.9P (cf [29]). Below the constants are determined 
for s = 1,2,3,4. 
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10.1 The s — 1 case. The Maxwell theory. 

In this caes there are no constants to be determined. Free spin one in d = 4 
is in the manifest formulation given by the Lagrangian 

C = - A F AB F AB , F AB = d A A B - 8 B A A . (10.11) 

Under the special gauge transformations, 

A A — » A A + y 2 A A , (10.12) 

the Lagrangian (jlO.lip transforms as [29] (I ignore y 2 -terms due to the delta 
function 5(y 2 ) in the action (18. 3p ) 

C — » C + Cx + Cz, (10.13) 

where 

£i = F AB (y A A B - y B A A ) (10.14) 

is linear in A A , and 

£ 2 = -2{y A A A f (10.15) 

is quadratic in A A . C\ = since is transversal, and £2 = since A A is 
transversal. 

10.2 The s = 2 case. Linear conformal gravity. 

For s = 2 we have the linear Riemann tensor 

Rabcd(v) = ^F ABCD (y) = ^d [c d [A H B]D] (y), (10.16) 
where H AB is the deviation of the metric tensor G AB from r/ AB , i.e. 

G AB (y)=rj AB + H AB (y). (10.17) 

(I choose here the notation H AB instead of <j) AB in accordance with the 
treatment in [29].) Since 

ydG AB (y) = => ydH AB (y) = 0, (10.18) 

and 

y A H AB (y) = 0, (10.19) 
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the linear Riemann tensor fjlQ. 16f> satisfies the transversality properties (110.30 



y A R A BCD{y) = o, (10.20) 

and the homogeneity 

(yd + 2)R ABCD (y) = 0. (10.21) 

A Lagrangian satisfying the condition (|8,4p is therefore 

C(y) = RABCD{y)R ABCD {y) + aR AB (y)R AB (y) + (3R\y), 

(10.22) 

where a and /3 are real constants, and where Rab and R are the linear Ricci 
tensor and curvature scalar respectively, i.e. 

RAc(y) = v BD RAB CD (y), R(y) = v AC RAc(y)- (10.23) 

The real constants a and j3 are determined if we require invariance under 
the special gauge transformations 

H AB (y) — H AB (y) + y 2 H AB (y), (10.24) 

where H AB satisfies 

y A H AB (y) = 0, (yd + 2)H AB (y) = 0, (10.25) 

which secures the properties (|1Q. 181) and (|10. 19p . The linear Riemann and 
Ricci tensors as well as the curvature scalar transform under (|10.24p in 
arbitrary dimensions d as follows: (I ignore terms multiplied by y 2 since they 
vanish in the action (|8.3|) due to the delta function 5(y 2 ) in the measure.) 

RABCD(y) -» RABCDiy) + RABCD{y), 

RABCD(y) = r]AcH BD (y) + r] BD H AC {y) - 

-7] B cH AD (y) - r) AD H BC (y) + 
+y A (d c H BD (y) - d D H BC (y)) + 
+y B {d D H AC (y) - d c H AD {y)) + 
+yc(d A H BD {y) - d B H AD (y)) + 

+y D (d B H AC (y) - d A H BC (y)), (10.26) 

which implies 

RBD{y) -» RBD{y) + Rbd(v), 

RBD(y) = r] AC R AB CD(y) = {d- 2)H BD (y) + r] BD H(y) + 
+y B d D H(y) + y D d B H(y) - 

-y B d c H c D (y) - y D d c H C B (y), (10.27) 
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and 

R{y) R(y) + R(y), 

R{y) = v BD Rbd(v) = 2(d - l)H(y), (10.28) 

where H = tj ab Hab- When these transformations are inserted into the 
Lagrangian (|1U.22|) I find (ignoring terms with explicit y 2 -dependence, and 
using the transversality of R in (jl0.20fl ) 

C(y) — ► C(y) + C 1 (y)+C 2 (y), (10.29) 

where C\{y) and C 2 (y) depend linearly and quadratically on Hab- They 
are explicitly 

C l (y)= 4U + a{d-2)\RAB{y)H AB (y) + 

+Ja + 2f3(d-l))R(y)H(y), (10.30) 



C 2 (y) = (d-2)(^ + a(d-2)^H AB H AB + 

+ ^4 + a{3d - 4) + i(3(d - l) 2 ^j H 2 {y). (10.31) 

The linear condition, 

A(y) = o, (10.32) 

yields 

a = ~W^y '- id-w-D - (ia33) 

Also the quadratic condition, 

C 2 (y) = 0, (10.34) 

requires (|10.33p . Hence, the Lagrangian (|10.22p is conformally invariant in 
d = 4 for 

a = -2, 0=-. (10.35) 

The corresponding Lagrangian (|10.22p corresponds then to linear conformal 
gravity (2"9"] . 
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10.3 The s = 3 case. 



The basic field strength in conformal space is here 

FA 1 B 1 A 2 B 2 A s B 3 {y) = ^ 3 d[A 2 d[Ai0Bi]B 2 ]B 3 ](y) (10.36) 
from (|10.1|) . The symmetric gauge field 4>abc satisfies 

y A <pABc(y) = o, (yd-i)<f>ABc(y) = o, (10.37) 

according to (|10.2p and (|10.7j) . This implies 

y Al F AlBl A2B 2 A 3 B 3 (y) = 0, (y ■d + 2)FA 1 B 1 A 2 B 2 A 3 B 3 (y) = 0. 

(10.38) 

In order to make the ansatz (|10.9p for the Lagrangian I have to determine the 
independent traces of F. However, this was already done in the spacetime 
case. Hence, I find the following traces from subsection 4.3 

F MA 2 A 3 B 3 — V BlB2 Fa 1 b 1 a 2 b 2 a z b 3 i 



TP" — -rA^p/ — i„A 1 A 2r) BiB 2 jp A n „ „ _ _ 

t A z B 3 = -jV 1 ^A 1 A 2 A 3 B 3 — 2^ ^ ^A 1 B 1 A 2 B 2 A 3 B 3 , 

(10.39) 



where F' is symmetric in A\ and A2, and antisymmetric in A3 and B3, and 
where F" is antisymmetric. A different way to arrive at F" is 

F'1 2 b a =V AlA3 F Al A 2 A 3 B 3 =V BiB2 V AiAs F AiBiA2 b 2 a 3 b 3 - (10.40) 



Also here the field strength (jl0.36H satisfies cyclicity properties like (|2.2p 
which for F' imply, 

F Al [A 2 A 3 ]B 3 = -FaiB 3 A 2 A3^ (10.41) 
which is a property used in the following. 

The general ansatz for the Lagrangian in conformal space is then 

C(y) = F AlBlA2BM F A ^ A ^ A ^ + 

+»F AlA2A . iB3 F' A ^ A ^ + (3F'i 2Bs F" A - B \ (10.42) 

It remains to investigate the possibility of C to be invariant under the 
special gauge transformations, 

<f>ABc(y) — ► 4>ABc(y) + y 2 4>ABc(y), 

y A 4>Asc(y) = o, (vd + i)$ABc(v) = 0- (10.43) 
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These transformations induce the following transformation properties of the 
field and its traces ignoring explicit y 2 -terms 

FA 1 B 1 A 2 B 2 A 3 B s (y) ► FA 1 B 1 A 2 B 2 A 3 B 3 (y) + FA 1 B 1 A 2 B 2 A 3 B 3 (y), 

(10.44) 

where F is the ^-dependent part. F may be split into two parts, F = 
F\o+F\ y , where F\q has no explicit y-dependence, and where F\ y has explicit 
y-dependence. These parts are explicitly 



FA 1 B 1 A 2 B 2 A 3 B 3 (y)\o - 21 r][A 2 {A 1 L Bx}B 2 \A 3 B 3 {y) + ''l[A 3 \Ai Ij Bx}B 3 \A2B2 (v) + 

+V[a 3 [a 2 Lb 2 ]b 3 ]a 1 b 1 (y) ) , (10.45) 



FA 1 B 1 A 2 B2A 3 B 3 {y)\y = 2^y[ Al K Bl ]A 2 B 2 A 3 B 3 (y) + y\A 2 K B2\AxB x A 3 B 3 iv) + 

+y\A 3 KB 3 }A 1 B 1 A 2 B 2 (y) ) , (10.46) 



where in turn 

L Bl B 2 A 3 B 3 (y) = 5[A 3 0B 3 ]BiB2(y)' 

K Bl A 2 B 2 A 3 B 3 {y) = dyA2d[A 3 ^B 3 \B2\B 1 {v) = K Bl A 3 B 3 A 2 B 2 (y)- 

(10.47) 

Lb 1 b 2 a 3 b 3 is transverse in all indices, while K Bi a 2 b 2 a 3 b 3 is transverse only 
in the first index. For the other indices I find 

y A3 K Bl A 2 B 2 A 3 B 3 (y) = -L BlB . A A 2 B 2 {y), 

y M k Bl A 2 B 2 A 3 B 3 {y) = -L BlB , 2 A 3 B 3 (y)- (10.48) 

The expression (I1Q.44[) implies 

F Bl B 2 A 3 B 3 (y) — ► F BlB2 A 3B3 (y) + F BlB2AsB3 (y), (10.49) 

where again the (^-dependent terms, F' , may be split into two parts, F' = 
F'|o + F'\ y , where 



F Bl B 2 A 3 B 3 (y)\o = 2[dL BlB2 A 3 B 3 {y) + r] BlB2 L' AsBi {y) 

-r] Bl [A 3 M Bi]B2 {y) - VB 2 [A 3 M B3]Bl (y) ), 
F kB2A 3 BM\y = 2 (yA 3 N Bz]BlB2 {y) - 

-VBiK'^AsBsiv) - yB 2 K' Bl A 3 B 3 {y) ) . (10.50) 
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where in turn 

L'A Z B 3 (y) = ^ ljBl ^A 1 B 1 A 3J B 3 (y) = d [As 4> Bs] (y), 

Mb 2 b a {v) = r) A2A3 L A2B2A3 B 3 (y) = d A2 4>A 2 B 2 B 3 (y) ~ d B3 4>B 2 (y), 

k'mb 2 aM = n AlBl K AlBl A 2 B 2A M = 

d[B 2 9 A 4>AA 2 A 3 ](y) - dA 2 d[B 2 <t>A 3 )(y), 

NA!A 2 A 3 {y) = v BlB2K A 1 B 1 A 2 B 2 A 3 {y) = u 4>A 1 A 2 A 3 {y) + 

+d A2 d As (j) Al (y) - d A2 d A cj) AA3Al (y) - d A3 d A cf> AA2Al (y). 

My) = v BC 4>ABc(y) (10.51) 

The expression ()10.49p implies in turn 

K 3 bM — FA 3 B 3 (y) + Fl 3B3 (y), (10.52) 
where i% Bs = F'^Jo + F'i 3 B 3 \y with 

Fl 3 B 3 (y)\o = ^(d + i)L' A3 B 3 (y), 

FA 3 B 3 (y)(y)\ y = y[A 3 N B3] (y). (10.53) 

N A is given by 

N Al (y) = r, A ^N AlA2A3 (y) = 2{U^ M (y) - d B d c 4>cB Al (y)) ■ 

(10.54) 

The transformations (110.4411 , (I10.49P and (|10.52p yield for the Lagrangian 
(|10.42p (up to terms with y 2 -dependence) 

C{y) — » C(y) + C 1 (y) + C 2 (y), (10.55) 

where 

C x {y) = 2(F-F + aF' ■ F 1 + f3F" ■ F"), 

C 2 {y) = F 2 + a(F'f + P(F"f . (10.56) 

C\{y) is linear in eft, and C 2 {y) is quadratic. The invariance of the action 
requires therefore the vanishing of both C\{y) and C 2 {y). Since F, F' and 
F" are transverse the vanishing of the linear terms requires 

= ^-^10 + aF' -F'\ + (3F" ■ F"\ = 0. (10.57) 
This condition is explicitly 

(24 + 2ad)F' ^A 2 B 2 ( y )l AlBlAaBa {y) + 

+(8 + 2/3(d + l))F" (y)L' A3B3 (y) = 0, (10.58) 



42 



with the solution 

12 „ 48 , „ s 

d d{d+l) y ' 

The vanishing of the quadratic terms in in the Lagrangian (I10.42p requires 
£-2{y) = which according to appendix D becomes 

(12 + ad){Adl 2 - 16M 2 ) + 4(36 + a(7d + 4) + f3(d + 1) 2 )(L') 2 = 0. 

(10.60) 

This condition is satisfied for exactly the same values as the linear condition 
(|10,57l) . i.e. (110.59p . This is in agreement with proposal 5 in section 8. 

Let me finally point out that F^ B has imilar properties to the Maxwell 
field for S = 1. I notice the following relations 

F'ab = d [A B B ], B B = Ut^^abc ~ d A d B ABC . (10.61) 

y A ^AB = implies y A B A = which also is consistent with y A 4>ABC = 0. 
The gauge invariance under (Vab is symmetric) 

4>abc — ► 4>abc + 9 a Vbc + d B V C A + d C V AB , (10.62) 

implies 

B A — ► B A + d A V, V = (ar, AB - d A d B )V AB . (10.63) 
However, the special gauge transformation (jlQ.43j) implies 

B A — ► B A + y 2 B A + 2(d + l)4> A , (10.64) 
where B A is B A in (|10.61l) with 4> replaced by 4>. (N A = sB A in (|10.54|U 



10.4 The s = 4 case. 

For s = 4 the basic field strength (110.11) 



rui s = t me uasic neiu sueiigui iiiu.iii is 

Fa 1 b 1 a 2 b 2 a 3 b 3 a a b a {v) = 5[ yll 3[ J 4 2 9[ yl 3 9[ A4 B4 ] B3 ] B2 ] j B 1 ](y),(lO.65) 

where is totally symmetric. From the spacetime treatment in subsection 
4.4 I have the following five different traces 

F'BxBiAzBsAiBi = V^^' 1 F A^A 2 B 2 A 3 B 3 A 4 B 4 , 
TP" — ^„B 1 B 2 Tp> _ ^ r ,AiA 2ri B 1 B 2 en 

*A 3 B 3 A4,B4, = 2^ ^ B 1 B 2 A 3 B 3 A 4 B 4 — 2 * A 1 B 1 A 2 B2A 3 B 3 A4,B i ' 

G'b 1 B 2 B 3 B 4 = V 3 A Pb 1 B 2 AzBzA4,B4, = r / AlA2? ? A3 ' 44 -PAiBiyl2B2A3_B3A4B4i 

TP 1 " = „ A 3 A *IP'! _ l r) Bl-B2„^lA2 r) A 3J 44 ? 7l jl 

t B 3 B 4 = T ] ? A 3 B 3 A 4 B 4 ~ -jV V ^ ^A 1 B 1 A 2 B 2 A 3 B 3 A 4 B 4 , 

tt— B 3 B 4 j?"> _\ r B x B 2 B 3 B 4 A x A 2 A 3 A 4 - F „.„.„.„ 
U = V r B 3 B 4 — 2^ ^ ^ *7 r AxBxAiBiAsBzAtBi, (,-W.OOj 
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where F' is symmetric in A\ and A2 and where both F 1 and F" are anti- 
symmetric in A3B3 and A4-B4 as well as symmetric under interchange of the 
pairs A3B3 and A4B4. G" is symmetric in B\Bi and B3B4, and symmetric 
under interchange of the pairs B\B% and B3B4. 

For F" I find the following alternative relation 

F B 2 B 3 A 4 B 4 = ri BlA3 F B 1 B 2 A 3 B 3 A i B i = V^^V^^ F A 1 B 1 A 2 B 2 A :i B :i A 4 B 4 , 

(10.67) 

which implies 

F'" — r) B 2 A4j?» — TI B 2 A 4 B\A 3 A\A 2 77 

^B 3 B 4 — r l t B 2 B 3 A 4 B 4 — V V V ^A 1 B 1 A 2 B 2 A 3 B 3 A 4 B 4 , 
tt — r .B 3 B 4 pW _ r B 3 B 4 B 2 A 4 B Y A 3 A X A 2 rp 

U — V r B 3 B 4 — 7 l 7] 7] 1] r A 1 B 1 A 2 B 2 A 3 B 3 A 4 B 4 , 

(10.68) 

In addition I find the property 

G Bi[B 2 B 3 ]B 4 = F B 2 B 3 B 1 B 4 - (10.69) 

This may also be viewed as still another relation for F" , 
t?" — n" — 

B 2 B 3 B\B 4 - -Bi [B 2 B 3 ]B 4 ~ 
_ (r.MM A 3 A 4 n A 1 A 3 A 2 A 4 \ F/l 

— W »7 — V V )* A 1 B 1 A 2 B 2 A 3 B 3 A 4 B 4 - 

(10.70) 



The cyclicities (|2.2p imply here 

^-Bi[B2A 3 ]B3A 4 B4 = ~ F B 1 B 3 B 2 A 3 A 4 B 4 -, 
r B 1 B 2 A 3 [B 3 A 4 ]B 4 — r B x B 2 A 3 B 4 B 3 Av 

F A 3 [B 3 A 4 ]B 4 = ~ F A 3 B 4 B 3 A 4 - (10.71) 

The general ansatz for the Lagrangian in conformal space is then 
C{y) = f a iBi a 2 b 2 a 3 b 3 a 4 b 4 fAMBMA ^ + 

+^ F ' BlB2 A 3 B 3 A 4 B 4 F ' BlBMMBi + P F 1 3 B 3 A 4 B 4 F " A3BM + 

+lG' BlBM G" * + \Fg Bi F"> B * B * + P U\ (10.72) 

where a,/3, 7, A and p are real constants. 

It remains to investigate the possible invariance of C under the special 
gauge transformations, 

4>abcd{v) — ► 4>ABCD(y) + y 2 4>ABCD(y), 
y A 4>ABc D (y) = 0, y d(f>ABCD (y) = o. (10.73) 
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Ignoring explicit y 2 -terms I find the following transformation properties of 
the field (fTCTO 

FA 1 B 1 A 2 B 2 A 3 B 3 A i B 4 (y) ► 

FA 1 B 1 A 2 B 2 A 3 B 3 A A B A {y) + FA 1 B 1 A 2 B 2 A 3 B 3 A 4 B i (y) , 

(10.74) 

where F is the ^-dependent part. F as well as all its traces are given 
explicitly in (lE.2j) - (|E,12j) in appendix E. These transformations imply for 
the Lagrangian (|10.72p 

C(y) — ► C(y) + C l (y) + C 2 (y), (10.75) 

where 

Ci{y) = 2(F ■ F + aF' ■ F' + /3F" ■ F" + 7 G" • G" + XF'" ■ F'" + pUU) , 
C 2 (y) = F 2 + a{F'f + f3{F") 2 + 7 (G"') 2 + \(F'") 2 + P U 2 . (10.76) 

Invariance under the special gauge transformations ()10.73p requires the van- 
ishing of both L\ and C 2 . Since F, F', F" , G", and F'" all are transverse 
the vanishing of the linear terms requires 

= F-F\ + aF' ■ F'\ + 0F" ■ F"\ + 
+ 7 G" • G"\ + AF'" • F"'\ + pUU = 0. (10.77) 
From formulas ()E.14[) - (|E.19p in appendix E I find the following explicit form 

Cl F' B ^ A ^ A ^(y)d [A3 d [A J Bi]B3]B2Bl + 

+C 2 F" A ^ A ^(y)d [ A 3 d [A4 4>B i ]B 3 ] + 

+C3 G" B ^ B 3 B *(y)(n0 BlB2B3B4 +d Bl dB 2 0B 3 B 4 - 

— d Bl d A (f)AB 2 B 3 B 4 — 9 B2 d A (f>AB 1 B 3 B^) + 
+ Ci F'" B ^{U^ BzBi - d A d B 4>ABB 3Bi ) + 

+c 5 F" ,B3B *(y)(n4> B3B4 + d B3 d B J - d B3 d A 0AB 4 - d Bi d A ^AB 3 ) + 

+c 6 U(y) (D0 - d A d B ^ AB ) = 0, (10.78) 

where 

ci =48 + 2(d + 2)a, 

c 2 = 12a + 2(d + 3)(3 + 2 7 , 

C3 = 8a + 4d 7 , 

c 4 = 8/3 + 2(d - 2) A - 87, 

c 5 = 2(d + 3)A + 16 7 , 

c 6 = 2X + 8(d + l)p. (10.79) 
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Hence, the vanishing of the linear part C\ requires 

24 „ 48(3d - 1) 48 
a = — rTTT' P = u , , nu. ; ^ > 7" 



d+2' > d(d + 2)(d + 3)' ' d(d + 2)' 

384 96 

~d(d + 2)(d + 3)' P ~ d(d+l)(d + 2)(d + 3)" ( ^ 

Notice that although the number of conditions (|10.79p exceeds the number 
of parameters by one, there is one unique solution which is agreement with 
the solutions in subsections 4.4 and 5.3. 



11 A search for generalized Weyl tensors within 
the manifestly conformal formulation 

It is clear that also in the conformal space there exist generalized Weyl 
tensors of the corresponding form to those given in spacetime as presented 
in sections 3-6. They are determined by means of the ansatz 

WA 1 B 1 A 2 B 2 -A s B s {y) = F AlBl A 2 B 2 -A s B s {y) + 

+ akBk AiBiA 2 B 2 -A s B s (Fk)(y), (H-l) 
k 

where F is the field strength ([10. ip . Fk its traces, and where Bk here are 
expressed in terms of the traces F^ and the metric tensor (|7.2p in such a 
way that it has the same index symmetry as F. B^ is also normalized as in 
section 3: 

B k -F = Fl (11.2) 
Tracelessness, or generalized Weyl invariance under (cf ()2.10p ) 

4>AiAa-A.(y) ► ^A 1 A 2 -A s (y)+V(A 1 A 2 X A 1 A 2 -A s )(y), (n.3) 

where A is symmetric, determines then the parameters in ([11. ip . How- 
ever, if the resulting tensor, C, is used to define the Lagrangian by 

C = C 2 , (11.4) 

then one finds that this Lagrangian does not represent a conformally invari- 
ant theory. The reason is that although the parameters have the same 
form as in sections 4 and 5, d is everywhere replaced by d + 2. This means 
that the tensor C does not represent a useful generalized Weyl tensors within 
the manifestly conformally invariant formulation. Now, the transformations 
(|11.3p have never entered the manifest construction so far. Are they re- 
ally relevant here? Notice that (jll.3[) actually is inconsistent with strong 
transversality of (p. 
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The appropriate question to ask oneself is "what corresponds to the 
generalized Weyl transformations in spacetime within the manifest formu- 
lation?" The only gauge transformation one has is the special gauge trans- 
formations off the hypercone: 

<!>AiA2-A a {y) > (j>AiA 2 -A a (y) + y 2 0A 1 A 2 -A a (y)- (n.5) 

Has this transformation anything to do with the generalized Weyl transfor- 
mations? The answer is yes! One may e.g. notice the following peculiar 
property: Choose <ft in (jll.5[) to be of the restricted form 

4> Al A 2 -A s (y) = d {Al d A2 \ Ai ~A a ){y)i (11.6) 

and insert this into the transformation formulas (111,50 . One finds then that 
the field strength in (jlO.ip transforms exactly in the same way as under 
(|11.3p except for terms proportional to y 2 . Also the traces of F transforms 
in the the same way up to y 2 -terms, except that d is everywhere replaced 
by d — 2! This is exactly what one would like to have. However, this is 
inconsistent. The reason is that although (111.60 implies that A has the 
same degree of homogeneity as 4> (i.e. s — 2) in agreement with (|11.3p . 
the strong transversality of <f> implies a different degree of homogeneity for 
A. Although inconsistent these properties make me view the special gauge 
transformations (111.50 as the appropriate generalization of the generalized 
Weyl transformations in spacetime within the manifest formulation in the 
conformal space. 

Consider the ansatz W in (111. IB . i.e. 

WA 1 B 1 A 2 B 2 -A a B a (y) = F AlBl A 2 B 2 -A a B a (y) + 

1 B 1 A 2 B 2 - As B a (Fk)(y)- (ll- 7 ) 

k 

Obviously this tensor must transform in a particular simple way under the 
special gauge transformations (18.50 since the invariant Lagrangian of the 
form (110.90 in section 10 may be written as 

£ = W ■ F. (11.8) 

However, at the same time this form of the Lagrangian does not seem to 
allow W to be invariant under (|8.5p . I propose 

Proposal 9: The tensor W yields only terms with explicit y- 
dependence under the special gauge transformation (18.50 for the a- 
values that make the Lagrangian (|11.8|) invariant. 

This should at least help to make the Lagrangian (|11,8|) invariant up to y 2 
dependent terms since F is transversal. The statement is proved for s = 2 
below. 
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Example: s = 2. 
Here .7|) reduces to 

Wa 1 B 1 A 2 B 2 = Ra 1 B 1 A 2 B 2 + OL\B\ A 1 B 1 A 2 B 2 (R\) + a 2 B 2 AiBiA 2 B 2 (R2), 

Wabcd = Rabcd + oliBi abcd{Ri) + ol 2 B 2 abcd{R2), (11.9) 
where (cf subsection 10.2) 

1 1 

Rabcd{v) = 7; F ABCD(y) = ^d [c d [A H B]D] (y), (11.10) 

and 

B\ ABCD = -^R[A[C r lD}B}^ 

B 2 ABCD = ^RV[A[CVD]B]- (11-11) 

Under the special gauge transformations 

H AB (y) — H AB (y) + y 2 H A B(y), (11.12) 

W in (|11.9|) transforms as 

Wabcd — ► Wabcd + V^Wabgd + J/[a^[c^d]s] + 2/[c^[a-^b]d] + 

+ (l + j(d- 2)ati)ri [A[c H D ] B ] + (-ori + ^a 2 (d - 1))^[a[c»7d]B], 

(11.13) 

where is equal to W with iif4_B replaced by Hab- Only for the a-values 
(|4.9I) / (110.3311 do the transformation of W reduces to 

Wabcd — ► Wabcd + y 2 W A BCD + y[Ad[cH D }B] + y[cd[AH B ]D]- 

(11.14) 

Thus, for the appropriate a-values the transformed part of W consists only 
of terms with explicit y-dependence in accordance with proposal 9 above. 

Notice that W in (fTL9]) for the a-values (|4T9|) / (| 10.33 \ is not transvers: 
V A W A bcd = oli-^V[cRbd] + o>2^Ry[cVD}Bi (11.15) 

where 

Rbd = V AC Rabcd , R = v BD Rbd- (11.16) 
Notice also that is noi traceless 

Wbz? = rj AC W A BCD = (l + t Q! i > ) Rbd + fjai + ^(d + l^lifyaD, 



= tj bd Wbd = [l + ^(d + l) ai + ^(d + l)(d + 2)a 2 }R. (11.17) 
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However, one remarkable property satisfied by the traces (|11.17[) is that for 
d = 4 and for the a- values flOD / (fT033]) I find 



W BD W BD = R BD R BD , W 2 = R 2 . (11.18) 

In order to find tensors that transform still simpler under the special 
gauge transformations (|8,5p than the W above one has to consider tensors 
of higher ranks. The quantization of the conformal spinning particle in (25] 
led to wave functions of the form (d = 4) 

^A 1 B 1 C 1 A 2 B 2 C 2 -A a B a C a (u) 

with antisymmetry in Ak,Bk,Ck for k = 1,2, ... ,s, and symmetry under 
interchange of any triplets (A^B^Ck) and (AiBiCf). In terms of symmetric 
tensors 4>, J- has the form (in [29] the notation T also contained a delta 
function 5(y 2 )) 

J r A 1 B 1 C 1 A 2 B 2 C2-A a B a Cs(y) = 

= ^ yA 1 yA2---yA a dB 1 dB2---dB a 4>c 1 c 2 -c a (y)-(ii-i9) 

antisym A^B^C^ 

Notice that this tensor is not just invariant under the gauge transformations 

0A 1 A 2 -A s (y) ► <t> Al A 2 -A s (y) +d(Ai £ A 2 A s ...A s ){y), (11.20) 

but also under 

<t> Al A 2 ... As (y) * <PA 1 A 2 -A a (y) +y {Al ^A 2 A 3 -A a ){y), (11.21) 

for arbitrary symmetric functions e and u>. If one could use such tensors in an 
action principle then one would not have to bother about the technicalities 
in the reduction procedure mentioned in section 9 ( (I9.10p . (|9.1ip ). However, 
it is unclear whether or not they are useful here since they really appeared 
in the second order formulation 

The expression (I11.19P implies that the J-'-fields also may be expressed 
in terms of the F-fields in (jlU.ip as follows 

^A 1 B 1 C 1 A 2 B 2 C 2 -A a B a C a (y) = 

= ^2 F A 1 B 1 A 2 B 2 -A a B a {y)yc 1 yc 2 - ■ -yc a - (11.22) 

antisym A^B^C'k 

Asuming that this tensor can be used also in the present formulation, which 
has less restrictions, I consider now the following tensor 

y^A 1 B 1 C 1 A 2 B 2 C 2 -A a B a C a (y) = ^A 1 B 1 C 1 A 2 B 2 C 2 -A a B a C a (y) + 

+ '^2(3kB k A 1 B 1 C 1 A 2 B 2 C 2 -A a B a C a (J : k)(y), (11.23) 
k 
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where B k is of the form 

where T k is one of the traces of T, and rj the metric tensor tjab in (15.20 . 
Bki^k) is normalized such that 

B k -T=(T k f. (11.25) 

W contains a// different B k of the form (jll.24f) satisfying (111.250 . The 
constructions are analogous to the construction in section 3. 

Theorem 5: There is a unique choice of the parameters /3& in fj 11 .23j) 
which makes W traceless. 



For this choice W is denoted C$. 

Proof: The general theorem that an arbitrary tensor (T) may be decom- 
posed in terms of its traceless part (Co) and terms of the form B k » 

Definition: C{[3) is a tensor of the form W in (|11.23p which is 
traceless up to terms containing y 2 -factors. 



Thus, C(f3) has some dependence on the /3-parameters and contains the 
traceless tensor Co in theorem 5 above. 

Proposal 10: The tensor C(/3) is invariant under the special 
gauge transformations (|11.5|) up to terms proportional to y 2 and 
is determined by this condition. It also satisfies weak transver- 
sality, i.e. y Al C Al B 1 c 1 A 2 -B a c a {P) = y 2 (-") and the property 

y\D 1 CA 1 B 1 c 1 }A 2 -B s c s (.P) = y 2 (- • • )• 

I have no general proof of this statement. However, below I show that 
it is valid for s = 2. Notice that invariance of the ansatz W under the 
special gauge transformations (jll.5j) up to y 2 -terms does not determine the 
parameters f3 k uniquely, since some B k will be proportional to y 2 (see below) . 

11.1 The properties of W for s = 2. 

Instead of T I choose here as in |29j to consider 1Z as the basic field strength. 
The relation between the two is simply T = 27£ (cf (|4.ip ). 1Z has the 
following traces 

^BiCiB 2 C 2 (y) = V AlA2 ^A 1 B 1 C 1 A 2 B2C 2 {y), 

T^kcM = V BlB2 n' BlClB2C2 {y) = v AlA2 ri BlB2 K AlBlCl A 2 B 2 cM, 
n"'{y) = V ClC2 ^c lC2 (y) = ri^^^KA^cMcM- 

(11.26) 
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1Z may be expressed in terms of the linearized Riemann tensor R as follows: 
K Al B 1 c 1 A 2 B 2 c 2 {y) = (jyA 1 yA 2 RB 1 c 1 B 2 c 2 (y) + cycle(AiBxC x fj 

+cycle(A 2 B 2 C 2 )j. (11.27) 
This implies for the traces (|11.26p 

^Bjc^Ciiy) = yiB.yiBiRc^c^iy) + y 2 RB 1 c 1 B 2 c 2 (y), 

K'c lC M = VChVCaRiv) + 2y 2 R Cl c 2 (y), 

K"'(y) = 3y 2 R(y), (11.28) 

where RdC 2 an d R are the Ricci and curvature tensors defined in (|10.23p . 

Consider now the following ansatz for the generalized Weyl tensor in the 
manifest formulation: 

y^A 1 B 1 C 1 A 2 B 2 C 2 (y) = T^A 1 B 1 C 1 A 2 B 2 C 2 (y) + A 1 B 1 C 1 A 2 B 2 C 2 {'R'){y) + 

+p2B2A 1 B 1 c 1 A 2 B 2 c 2 (n' , )(y) + p 3 B 3AlBlCl A 2 B 2 c 2 (n' > ')(y), (11.29) 



where 



&l A 1 B 1 C 1 A 2 B 2 C 2 ft'')(y) = g(VA 1 A 2 'R-'B 1 C 1 B 2 C 2 (y))sym = 

= g ((VAx A 2 K' Bl Ci b 2 c 2 (y) + cycle(A 1 B 1 d)) + cyde(A 2 B 2 C 2 ] 

B 2 A 1 B 1 C 1 A 2 B 2 C 2 (K")(y) = ^(VAxAiVBxBiK'c^iy^sym = 

AxiA^B^B^'cxC^y) + cycle(AiBiCi)) + cycle(A 2 B 2 C 2 )\ , 



36 2 



1 



B3 A\B\C\A 2 B 2 C 2 (ft ' )(y) = ~(riA 1 A 2 VB 1 B 2 VC 1 C 2 '^ (y))sym 



III 1 

, 11 1 i tin. n.iit • t-.n 

6 

' ( r l[A 1 [A 2 'nB 2 ]B 1 }'nc 1 c 2 + cycle(A 1 B 1 C 1 )) + cycle(A 2 B 2 C 2 ))K'"(y). 
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For the trace of the ansatz (|11.29l) I find the expression 



;il.30) 



V^WAxBxCrAzBzcM = (l + \(d ~ 2)/3l)ft$ Jl C 1 B a C7 a (v) + 



+ \{fh + \(d-l)P2)r} [Bl[ B 2 K 2 ]Cx](y) + 

(11.31) 



+^(7^2 + dp 3 ^r] [Bl[B2 r] C2]Cl] TZ"'(y) 
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Since TZ"' is proportional to y 2 , W is weakly traceless for the following (5- 
values: 

9 

18 

A= (*-!)(« -2) - ( 1L32 » 

These values inserted into ()ll,29p determines C{(3) here. (f3% is still a free 
parameter.) Notice that these values of (3\ and (3 2 contain the same (f- 
dependent factors as the values of a± and a 2 in the spacetime treatment of 
s = 2 in subsection 4.2. W is traceless for the /3-values (|11.32p and 

* = - «i-W-2y (1L33) 

which determines Co- 

Under the special gauge transformations (H = 0) 

H Ai aM — » H AlA2 (y)+y 2 H AlA2 (y), (11.34) 
7?. and its traces transform as follows 

ft...(y) — » K...(y)+n...(y), etc, (11.35) 
where 7£ is 1Z with i? replaced by R here given by (y 2 -terms included) (cf. 

Ra 1 B 1 A 2 B 2 {v) = 7 l[A 1 [A 2 H B 2 ]B 1 ](y) +y[A 1 9[A 2 H B2 ]B 1 ] + 
+y[A 2 d[A 1 H Bl ]B 2 ] + ^^[AidlA^B^B^iy), 

Rb 1 b 2 (v) = {d- 2)H Bl B 2 {y) + r] BlB2 H{y) + (yB 1 d B2 + y B . 2 d Bl )H{y) - 
-y Bl d A H A B2 (y) - y B2 d A H A Bl (y) + \y 2 (vH BlB2 {y) + d Bl d B . 2 H{y) - 

-d Bl d A H AB2 (y) - d B2 d A H ABl (y)) , 

R{y) = 2{d - l)H{y) + y 2 (UH{y) - d A d B H AB (y)), 

H(y) = V AB H AB (y). (11.36) 

This implies that the ansatz (|11.29p transforms as follows 

WA 1 B 1 CiA 2 B 2 C 2 {y) ► W Al B!C lA2 B 2 C 2 {y) + WA 1 B 1 CiA 2 B 2 C 2 (y), 

H ) A x B x C x A 2 B 2 C 2 {y) = (1 + Pi{d - 2))(ir} Al A 2 y[B 1 y[B 2 Hc 2 \Cx]{y) + 
+cycle(A 1 B 1 C 1 )) + cycle(A 2 B 2 C 2 )^j + 

+{fk + [d- l)fc)(yc 1 yc 2 'n[Ar[A2'nB2}B 1 ]H{y) + cyde{A x B 1 C 1 )) + 
+cyde(A 2 B 2 C 2 ))+y 2 {■■■). (11.37) 
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Thus, the special gauge invariance of the ansatz (jll.29p reproduces the val- 
ues (|11.32p of 0i and f3 2 . However, the y 2 -dependent terms consists of 17 
different sets of terms and cannot be cancelled by a choice of (3%. Conse- 
quently the parameter (3% is not determined here. W is invariant only up 
to y 2 -terms or in other words W is only weakly invariant under the spe- 
cial gauge transformations. Notice that weak tracelessness yielded identical 
result. 

Let me now turn to the transversality of W. Since the linear Riemann 
tensor R satisfies strong transversality, 1Z satisfies weak transversality. Ex- 
plicitly 

y Al ^AiBic*iA 2 B 2 c* 2 (y) = y 2 (RB 1 c 1 B 2 c 2 yA 2 + cycle(A 2 B 2 C2)). 

(11.38) 

For the B k in W I find 
V Al Bi A 1 B 1 C 1 A 2 B 2 C 2 (y) 
V Al B 2 A 1 B 1 CiA 2 B 2 C 2 (y) 
y Al B 3 A 1 B 1 C 1 A 2 B 2 C 2 (y) 

Hence, the whole ansatz W in (jll.29p satisfies weak transversality. 

The relation y[n 1 '^A 1 B 1 Ci]A 2 B 2 c 2 = 2/ 2 (" " " ) follows from the expressions 
(jll.281) and (111.301) . Notice that K in (111.271) satisfies y\ D Jt AlBlCl \A 2 B 2 c 2 = 
0. 

Final remark: Although the above properties of C(f3) (W in (jll.29p 
with the values (|11.32H ) are very nice, this tensor does not determine the 
Lagrangian in any natural way. In fact, the square of C{f3) is not expressible 
in terms of the conformally invariant Lagrangian in spite of the promising 
(^-dependence of (3\ and (3 2 in (jll.32p . In particular I find 

Cl{y) oc (y 2 ) 2 C{y\ 

C(y) = R ABC dR abcd - -r^-R AB R AB + ^--i? 2 , (11.40) 

which is equal to (|10.22p with the values (|10.33p . or equivalently (I2.12p . but 
with d replaced by d + 1. Anyway C in (|11.4Up is half-way between C = C 2 
from (jll.ljl and the correct expression ()10.22p with ()10.33l) . 

Requiring weak invariance under the special gauge transformations (jl 1 .51) 
of a tensor of the same rank as C{(3) does not only yield C{(3). There are 
many other candidates like 1Z in (|11.27p with R replaced by W in the exam- 
ple after proposal 9, or W with R replaced by the traceless C from ([11. ip . 



= y 2 ylA 2 [Bi Rci] [B 2 [y)yc 2 ] + cyde{A 2 B 2 C 2 )J , 
= 2y 2 (y J 4 2 ? 7[B 2 [Bi-Rci]c 2 ](y) + cycle(A 2 B 2 C 2 j^j , 

= ■^y 2 (yA 2 r][B 2 [B 1 'nG 1 }C2\ + cycle(A 2 B 2 C 2 )^JR(y). 

(11.39) 
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Maybe there exists one weakly invariant tensor that yields the correct La- 
grangian through the formula (|11.40p . It would, of course, be preferable to 
find a tensor that is strongly invariant under the special gauge transforma- 
tions (jll.5p . However, such a tensor may not exist. 



Part III 

Arbitrary dimensions 

12 Generalizations to arbitrary even dimensions d 



In arbitrary even dimensions d the spinning conformal particle model in [31 
yields after quantization the wave functions [29] 



Fa 1 B 1 CiD 1 ~A 2 B 2 C 2 D 2 A s B B C 8 D 8 -{v) (I 2 - 1 ) 

with antisymmetry in the d/2 + 1 indices A^B^C^ ■ ■ ■ , k = 1, . . . , s, and sym- 
metry under interchange of any two antisymmetric blocks (A^B^CkD^ • • • ) 
and (AiBiCiDi ■ ■ ■)■ The conditions on J- implies that T has the following 
form in terms of a gauge field 4>: 

^A 1 B 1 C 1 D 1 -A 2 B 2 C 2 D 2 A s B s C s D s -{v) = 

= ^2 yA 1 yA 2 ---yA s dB 1 dB 2 ---0 Ba 4 i c 1 D 1 -c 2 D 2 c s D s -{y), 

antisym(A^Bf ! Ck--- ) 

(12.2) 

where <fi is antisymmetric in the d/2 — 1 indices CtD^ ■ ■ ■ and symmetric 
under interchange of any two numbered index block. In addition it must 
satisfy 

^[CiDr- c 2 ]D 2 C s D s -(y) = 0- (12.3) 

(In d = 2 <j) is just a scalar, and in d = 4 it is a symmetric tensor.) J 7 in 
(|12,2p is gauge invariant under the following transformations 

"c.dc.d, c s D a -(y) — ► "c.i>-c,i>, C s D s -(y) + 

+ X] '>(•; •"/>•.- c 2 V 2 -0 3 V 3 c s D s ---(y)i 

sym(l,2,...,s) 

"< \ I >: C.-I>.- C s D 3 -(y) > §C X D X -C % D 2 C a D a -{y) + 

+ Yl !!<■-!> C 2 D 2 -C 3 D 3 c.D.-(v)> ( 12 - 4 ) 

sym(l,2,...,s) 
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where e and uj are arbitrary functions which are antisymmetric in each 
numbered index block. 

J- in (|12.2p may also be written as 

^A 1 B 1 C 1 D 1 -A 2 B 2 C 2 D2 A 8 B s C a D s -(y) = 

= ^ VA 1 yA 2 ■ ■ ■ yA s FB 1 C 1 D 1 -B 2 C 2 D 2 B a C a D a -iy) > 

antisym{Af s Bf i Ck--- ) 

(12.5) 

where F is antisymmetric in the d/2 indices -BfcCfc ■ ■ ■ an d symmetric under 
interchange of any two numbered index block, generalizing the F (|10.ip in 
d = 4 to arbitrary even dimensions d. F has the form 

Fb 1 c 1 d 1 -b 2 C2D 2 B 3 c s D 3 -(y) = 

d Bl d B2 ■ ■ ■ d Bs (f>c 1 D 1 -c 2 D 2 C s D s -{y), (12.6) 

antisym(B k C k — ) 

where (f) is the gauge field in (|12.2j) . F is gauge invariant only under the first 
transformation in (|12.4[) . 

Now the conformal particle models yield further conditions on the wave 
functions like transversality, tracelessness and second order equations for F 
as well as the homogeneities 

(yfl + d/2-l)7... = O (y • d + d/2 - 1 + s)F... = 0.(12.7) 

(see section 6 in |29|). However, this implies that the Lagrangian C = F 2 
satisfies (y ■ d + d — 2 + 2s)C = which disagrees with the homogeneity 
condition (|8.4|) for s / 1. For s = 1 all conditions on the wave functions 
are reproduced by the action principle. (This case was treated in [29] for 
arbitrary d.) 

Like for s = 2 I have also for s > 2 to give up some conditions that 
followed from the quantization of the spinning conformal particle. In fact, 
if I take away the traceless condition and the equation of motion there is a 
natural route to a consistent conformal Lagrangian theory in arbitrary even 
dimensions d. In order for the fields in (|12.5p to enter the action principle 
one has to impose strong transversality on the basic gauge field <f>, i.e. 

y Cl <t>c lDl -c 2 D 2 c.d.-M = 0. (12.8) 

One of the conditions on F from the wave function quantization is at least 
weak transversality. Requiring also strong transversality for F, i.e. 

y Bl F Bl C i D i -B 2 C 2 D 2 B s C a D a -{y) = o, (12.9) 
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one finds that consistency requires the following homogeneity for <j> (cf the 
argument in section 10) 

(yd + d/2- s)4> Gi d,...C 2 d 2 C.D..M = °- ( 12 - 10 ) 

This in turn requires 

{y • d + d/2)F BlClDl -B 2 c 2 D 2 B sCs D a -(y) = 0. (12.11) 

Hence, the Lagrangian L = F 2 satisfies the homogeneity condition (18. 4p , 
The homogeneity (|12.10p requires that 4> satisfies an equation of order O s in 
arbitrary even dimensions d. (See section 7 in |29j.) 

The general ansatz for a conformally invariant Lagrangian in arbitrary 
even dimensions d within the manifest formulation is then 

C(y) = F 2 + ^a fc F|(y), (12.12) 

k 

where the sum is over all possible traces, Fj., of F. Invariance under the 
special gauge transformations, 

'■'C l) r -c,l), C s D a -{y) — ► 4>C 1 D 1 - C 2 D 2 cjk ■■''<!)'•■ ■ 

+y 2 <i>c 1 D 1 -c 2 D 2 c s D s -(y), (12.13) 

determines the constants in (112. 12 j) . 

As in section 11 I expect there exist tensors of the form 

Wa 1 b 1 c 1 d 1 -a 2 b 2 c 2 d 2 A a B s C s D a -{y) = 

= J 7 A 1 B 1 C 1 D 1 -A 2 B 2 C 2 D 2 A a B a C s D s -(y) + 

+ S ^PkBk{J r k)A 1 B 1 C 1 D 1 -A 2 B 2 C 2 D 2 A a B a C a D a -(y), (12.14) 

k 

which are weakly invariant under the special gauge transformations (|12.13p . 
Bk are constructed analogously to those in section 11 in terms of traces, 
J-k, of J 7 in (|12.ip . (W has the index symmetry of J-.) Invariance under 
the special gauge transformations (I12.13P up to terms proportional to y 2 
determines all constants (5^ in (|12.14p for which is not proportional to 
y 2 . The condition that W is traceless up to terms with y 2 -factors should 
yield the same result. 

12.1 The spacetime formulation 

The above manifestly conformal theories should correspond to the spacetime 
theory that follows from the quantization of the 0{2s) extended supersym- 
metric spinning particle model with similar modifications as those given 
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above. The quantization procedure in [39] is easily generalized to arbitrary 
even dimensions d. (It is sketched in appendix D in [29].) The resulting 
generalized Weinberg representation is also given in [14] . 

I expect therefore that the generalization of section 2 to arbitrary even 
dimensions d should look as follows: For integer spins s (viewed in an ab- 
stract sense) one has field strengths or curvatures or wave functions which 
are tensor fields of rank ds/2 denoted as 

Fl±lV-ip 1 --fl2V2p2 HsVsps--\ X )l (12.15) 

with antisymmetry in the d/2 indices Hk^kPk ■ ■ ■ > an d symmetry under in- 
terchange of any of the numbered antisymmetric blocks. These fields also 
allow for the definitions of self-dual and anti-self-dual parts. In addition F 
satisfies 

^\p,\v\p\---p2\v2p2 p 3 u s p s ---{ x ) ~ 0; 

^\ct\F p\V\p\---\p2V2P2 p,sVsps---( X ) ~ 0> (12.16) 

which are solved by the expression 

F\i\v\p\---p,2V2pi p s v s p s --\x) = d^ s ■ ■ ■ d[ fl2 d[ fJ-1 (fi Ul p 1 ...} U2 p 2 ...y.. Us p s ...}(x), 

(12.17) 

where (f> is of rank (d/2 — l)s. It is antisymmetric in the d/2 — 1 indices 
v kPk ■ • • > and symmetric under interchange of any two of the numbered an- 
tisymmetric blocks. It also has to satisfy the identities 

< j ) [u 1 p 1 —U 2 ]p2—l'3p3 V s p a ---( X ) = 0- (12.18) 

The expression (]12.17p is invariant under the gauge transformations 

$V\p\—Vip% V s p s ---(x) > &V1P1—V2P2 v s p s ---(x) + 

+ 'y ] y ] d Ul e pi ... V2 p 2 VaPs ...(x), (12.19) 

sym l,...,s antisym{y\p\ - ■ ■ ) 

where the functions e is antisymmetric in each numbered block and symmet- 
ric under interchange of any two blocks. In addition to the above properties 
one also has the traceless condition 

r]^ 1 ^ 2 Fp ilVl p 1 ...p i2V2P2 Ps u a p s ---( x ) = 0, (12.20) 

and 

d^ 1 F fJilul p 1 ...p i2U2 p 2 n s v s p s ---(x) = 0, (12.21) 

The equation 

'-'-^Ml^ipi— H2"2P2 p. 3 v s ps---( x ) = (12.22) 
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follows from the second relation in (I12.16P and H12.21 f) . As for d = 4 I 
propose to give up the equation (|12.22p and the conditions (|12.20p and 
(112, 211) . Instead one has to construct a generalized Weyl tensor C by the 
ansatz 



k 

in complete analogy to the treatment in section 3. Tracelessness or invari- 
ance under transformations of the form 



where A is antisymmetric in each numbered index block, should uniquely 
determine the a's in the ansatz (jl2.23H and for these values one should have 
W = C. The conformally invariant Lagrangian in d dimensions is then given 
by C = C 2 . It is clear that the 0's above satisfies equations of order 2s in 
arbitrary even dimensions d. (This is different from [45] where symmetric 
(j)'s are proposed for all dimensions d with equations of the order 2s + d — 4.) 

13 Final discussions 

The present formulation of Lagrangian conformal field theory for higher 
spins is based on gauge invariant wave functions obtained from a quantiza- 
tion of a particular relativistic massless spinning particle model [3T t l3"8" j l39] 
and the corresponding conformal spinning particle model [31]. From these 
field strengths or curvatures I have constructed Lagrangian field theories 
both in a manifestly conformal form in the conformal space and the equiv- 
alent theories in spacetime. This was done for free fields with integer spins. 
Although some general proofs are missing the explicit construction up to 
spin four should be convincing. The presented construction is a direct gen- 
eralization of the construction used to obtain manifestly conformal gravity 
in [55]. I also expect the present theory to be equivalent to the more im- 
plicit proposals by Fradkin, Linetsky and Tseytlin [28][26l[27]. (They do 
not use field strengths.) This equivalence is natural since they also use 
conformal gravity as a starting point for their generalization. Since they 
give Lagrangians for half-odd integer spins I expect that the corresponding 
Lagrangians also exist within the present scheme. 

An interesting aspect of the present approach, which also has been an 
important motivating factor for this work, is the possibility to introduce 




W L 




(12.23) 




sym l,...,s antisym{y\p\ -- ) 
and(u 2 p2-- - ) 



interactions. This was clear to me when I realized that the manifestly con- 
formal particle allowed for interactions with external fields provided these 
fields satisfy exactly the same properties as the free fields do here [29ll4"4"] . 
(In this paper these conditions follow from the transversality of the mani- 
fest field strengths.) My belief in a consistent interacting theory has then 
increased further after the discovery of the connection to the work by Fradkin 
and Linetsky, since they claim the existence of consistent cubic interactions 
provided an infinite set of higher spins contribute [26} 127] . I expect that 
interactions are possible to study also within the present scheme. Probably 
the manifest formulation is particular useful then. 

The higher spin theory presented here is not a normal local field theory. 
It is a higher order field theory. The conventional wisdom is that such 
theories contain states with negative norms (ghosts) in the physical state 
space. This would certainly be the case if there were no gauge invariances. 
However, since the present theories also are gauge theories the situation 
is perhaps not that bad. On the other hand, I have not yet analysed these 
aspects and I have not studied the vast literature on the subject. Let me just 
point out that higher order theories may always be reduced to second order 
theories by means of auxiliary fields. The resulting Lagrangians are then 
possible to quantize although they in general are singular in Dirac's sense. 
(If one is unlucky second class constraints might appear which makes the 
situation more difficult.) In [36] it was pointed out that such reductions may 
be done in several different ways which makes the quantization ambiguous. 
It was therefore emphasized that a correct quantization must be such that 
it is insensitive to this reduction ambiguity. Examples of consistent unitary 
quantum theories for higher order models are e.g. the string theory in [10] 
and the particle model in [36j both of which are linear theories. 

Personally I believe that there exists no normal local field theory with at 
most second order derivatives that describes interacting higher spin parti- 
cles. Probably one is forced to consider unconventional theories like higher 
order field theories and/or field theories with nonlocal interactions. The 
proliferation of external states which results if they are viewed as higher 
(infinite) order theories may be removed if one confines oneself to perturba- 
tive solutions. Such a restriction is also possible to impose for the present 
higher order theories if there is no other way to avoid the difficulties. A 
restriction to a naive perturbation theory is, however, inconsistent [46] . A 
way out of this dilemma is to redefine the perturbation expansion by a re- 
definition of the asymptotic fields. In [7j this procedure is called localization 
(see section 3). However, I do not know of any general effective method to 
perform this. There is also the difficulty to interpret the modified theory. 
Anyway, in general such redefinitions seem always to imply an increased 
number of asymptotic states. An example of a localized nonlocal theory 
is Witten's open string field theory [1] according to [7j- Here closed string 
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states appear in the loops. Another very much less explored example, to 
say the least, is given in [471IB]. There a particular nonlocal field theory is 
proposed as an alternative theory to string theory for strong interactions. 
(The mass-spin spectrum is similar to that of the bosonic string apart from 
the tachyon and the degeneracy, but it is a nongeometric model based on 
the old Fierz equations with no gauge invariances.) The perturbation ex- 
pansion is in principle possible to calculate exactly. What the localization 
in the sense of [7] means for this model is unclear apart from requiring a 
modification of the asymptotic free states. (A possibly related fact is that 
the completeness of the naive free states requires the introduction of a very 
peculiar infrared state [8j.) That much about unconventional quantum field 
theories. In view of the above aspects I believe that even theories of the 
type presented here, if further developed, have a chance to eventually result 
in a consistent (interacting) quantum field theory. 



Acknowledgements: It is pleasure to thank Dario Francia for discus- 
sions and Misha Vasiliev for correspondence. 
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Part IV 

Appendices 



A The equivalence between the deWit-Freedman 
and the Weinberg representations (d = 4). 

The deWit-Freedman generalized curvature [24j . denoted R, may be ex- 
pressed in terms of the Weinberg field strength F in section 2 as follows 

Rimi2—^ s V\V2—V s {. X ) = ~\ ^1 F/J.lVlH2V2---fJ. a Vs( X )l (A-l) 

sym(fi k ) 

where the sum is a symmetrization over all /z's. (All symmetrizations and 
antisymmetrizations are without factors.) From the properties of F in sec- 
tion 2 one may then derive the following properties of R (cf [24J): 

1) R is symmetric in both /x's and z/s. This follows since F is symmetric 
under interchange of any two antisymmetric pairs \ih v k- 

2) R satisfies 

R[i\^2 -^ a v\v2---v s ix) = {—\) Rf Jill j i2 ... fls v lU2 ... Ua (x). (A-2) 
This follows since all pairs ^k^k are antisymmetric. 

3) R satisfies the equality 

^ ] RmiJ,2---fJ.sVlV2---V s (%) = 0. (A-3) 

sym{ixiiJ,2—lJ,sVi) 

This follows since one set of antisymmetric pairs in F always appear in a 
symmetric combination with otherwise equal indices and therefore cancel. 

4) The second condition in (12,2ft implies the Bianchi identities for R (see 
(2.11) in 



5) The traceless condition (|2.3p for F implies that also R must be trace- 
less: 

j^Mi/w R^ 1 p 2 ...p sVlV2 ... U3 (x) = 0. (A-4) 

6) The condition (|2.4f) implies obviously 

Q^R^x^—tisv^ - vs {%) = 0. (A. 5) 

7) The condition (|A.5|) and the Bianchi identities 4) imply 

OR^ ul2 ...^ lU2 ... Ua (x) = 0. (A.6) 
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The last two conditions, (IA.5P and (IA.6j) . are not in the paper by deWit and 
Freedman |24j . They are on-shell conditions that indirectly follow from the 
quantization of the free 0(2s)-extended supersymmetric particle model for 
which F are the natural wave functions. 

In a corresponding conformal treatment as given in section 2 but in terms 
of the deWit-Freedman curvature R, conditions 5)-7) have to be removed. 

One may also reverse the argument: From l)-7) one may derive the 
properties of the Weinberg field strength F from R. From the relation 

F[J,lVi[J,2V2---[J.sVs( X ) = ^ ] RfJ,i^2---^sfl^2 -^s( X ) = 

antisym(pLkVk) 

= ^■^■\pi\p2-\ps^s]-f2]^l]( X )' 

F is antisymmetric in all pairs ^k v k- From 1) it follows that F is symmet- 
ric under interchange of any antisymmetric pairs f^k^k an d fJ-i^i- The first 
relation (12. 2D follows from the property (|A.3j) in 3). The second relation in 
(|2.2p follows from the Bianchi identity 4) . The traceless condition (|2.3p from 
in 5). The equation (pHl) from (jA3|) . and ([231) from ([A3]) . 
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B The explicit forms of B k in (14.401 ) 

The explicit forms of the -B-fields in (I4.40|) are 

-E>1 /ii 1/1/121/2 M3 ^3/14 i/4 = (^11/2/13^3/14^4^1/^2 )sym = 

1 

24 



7 ?[Ml[^2^!/2]j/l]/13i/3/14i/4 7 ?[^l[A t 3^1/3]!/l]/12I/2/i4!/4 
+ r /[/ll[/14^i/ 4 ]i/ 1 ]^ 2 I/2/13!/3 ? ?[A t 2[/13^1/3];/2]/ll!/l/14!/4 
+ 7 7[/i2[/14-^I/4]i/2]/tl !/ lM3i/3 ^[M3[/14-^l/ 4 ];/3]/lli/l/12;/2^ ' 



B2 /ii i/i/12 1/ 2 M3 ^3/M !/4 ~~ 2^V3V3f J -4,V4 r lL L lL l 2 7 l u l u ^ s y m ~ ^g X 



^[M^ 7 ?^]^^/^^^^ + 7 l[n 1 [tl 3 r ll/3]v 1 ]Ffj,2V2tJ.4.V4. + 
+ 7 /[/Jl[M4 r ?l/4];/l]^/12!/2/13^3 r ?[M2[A»3 7 ?" / 3]l'2]-^A»ll'lA»4l'4 ~'~ 
+ 7 /[/t 2 [/14 r ?l/4];/2]^/li;/l/13l/3 7 ?[M3[M4 7 ?"4]l'3]-^)ilI'l/l2f2^ ' 

/lli/l/12i/2/13i/3/14!/4 = (-^lAj I/3/I4 1/4 V Hl^lVvi ^3) sym = _ gg X 



77" 1 C 1 " 

^[/llI^^llMS-^I/s];/!]^^ r ?[Ml[M 7 ?i/3][/12-^l/2]l/l]/J4i/4 

+ r ?[M2[/n r ?i/i][M3^1/3]j/ 2 ]/i4i/4 + ^[Mik'a^lI/M-^w^i^l^si/a + 

+ 7 ?[/tl[/i 4 r ?l/4][/t2^ ? I/2]j/l]/i3i/3 "'" , ?|ju3[Ml^][j«4-^3]l^]A*3* l 3 

+ 7 '[Ml[M3 r ?l/3][/t4^ ? !/4];/i]/i2l/2 "("^l/ilt/M^J^-^aJvijAial^ 

+ r ?[M3[Mi^i][M4^ ? !/ 4 ];/3]M2i/2 + ^D"a[A*3^][/M-^i/4]j^]/nwi + 

+ r /[/t 2 [/14 r ?l/4][/i3^1/3];/2]Mll'l ^[Mst/W^JDW-^I/^WSJ/H 



fllUiH2V2H3V3tW4 ~ (-^U2U: i UiU4, r lfJ'1^2 r JfJ.3^4 ^1/2 1/31/ 11/4^1 A* 3 ^2/14 )sj/m — ^g X 



P" -I- P" 4- 

^[^[/ll-^I/lJ^^I/lS^s]^] "T" 7 ?[M4L"2- r i/ 2 ][/llX/4][/l3 r ?l'3]l'l] 

+ r /[/t4[/ll^/i][/l3i/ 4 ][/l2 r ?;/2]l/3] + 7 ?[M4[^3-^i/ 3 ][/LllI'4][M2^ l/ 2]i'l] + 

+ r /[/t 4 [/12^/ 2 ][/i3i/4][/ll^l] 1/ 3] + ? ?[M3[l"4-^i/4][/llJ/3][A'2^ l/ 2]i'l] )' 
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4g ( r ?[Ml[^2 r ?[M3[M4^ 4 >3]^2]^l] + 



+ " r ?[M[M3 r ?[M2[M4 (jr !/ 4 ]^2]^3]^l] r ?[Ml[A t 4 r ?[M2[M3 ( - T I/3]^2]^ 4 ]^l 
^6/111/1/12^2/13^3/14^4 = lj(F ViVi r liiiii2 r lv\U2 r l[J.:ilJ.A)sym = X 

^ r /[/tl[/i2 r ?^2]^l] r ?[M3[M4^ 4 ]^3] r ?[Ml[M3 r ?^3]^l] 7 ?[/*2[M4^4]^2] ~'~ 

+ r /[/tl[/t4 r ?^4]^l] r ?[/t2[M3^3]^2] r ?[M2[/13 r ?^3]f2] r ?[/ll[M4^4]l'l] ~'~ 

+ r /[/t2[/*4 r ?^4]^2] r ?[/tl[M3^3]^l] r ?[M3[M4 r ?^4]^3] 7 ?[Ml[M2-^l/ 2 ]l'l]^ ' 
m ^1/42^2^3^3/^4 ^4 — vJ)li.\ii2 r }v\ii- i r lv2li.A)sym ^ X 

^ 7 ?[/Xl[|U2 T ?l*2][/i3 r ?^][M4-^I'4]l'i] + r ?[/il[M3^][A'2 r ?l*2][M4-^I'4]l'i] + 

+ r /[/tl[/t 3 r /^ 3 ][/t4 r ?^4][/*2^2]^l] ^[/Xl^^ll/M 7 ?^]^-^]!/!] + 

+ r /[/tl[/t4 r /^4][M3 r ?^3][/t2^2]^l] r ?[Ml[M4 r ?^4][M2 r ?^2][M3^ 3 ]i/i] + 

+ r /[/t 2 [/t3 r ?^3][Mi r ? !/ l][A 1 4^ 7 !/4]^2] r ?[M2[Ml^l][M3 r ?^3][M4^ ? !/ 4 ]^2] ~'~ 

+ r /[/t2[/ti r ?^l][M4 r ?^4][/13^!/ 3 ]^2] 7 ?[A t 2[/i4 l /l'4][/il T ?l'l][At3-^I'3]l*2] + 

+ r /[/t 3 [/14 r /^4][M2 r ?^2][/14^4]^3] ^[M3 [M2 ^2] [Ml ^l] [M4 ^U 4 ]u 3 ] ^ ' 
-^8 /iin/12^2/13^3/14^4 = l^^ii\^2 lt }v\V2 r lii-sii.'J}vzvti)sym = 

gg I r ?[/ll[^2 r ?^2]l'l] r ?[/13[/14 7 ?l'4]l'3] r ?[/ll[/i3 r ?^3]l y l] r ?[/12[/i4 r ?^4]l'2] + 

+ r ?[/Hl [/1 4 ^4 ] ^1 ] ^ [M2 [M3 ^3 ] " 2] ^ ' 
B9 /ll ^1/12^2/13 ^3/14 ^4 = ^ r ( r //ll/12 r /^l/13 r /^2/14 7 ?^3^4)sj/m = _ X 

^ r /[/ll[/12 7 ?l'2][/i3 r /K3][/14 r /^4]^l] + 7 ?[/ll[/13 7 ?l y 3][/12 r /^2][/14 7 ?l'4]^l] + 

+ ? ?[Ml[M3^3][M4^4][M2^2]^l]^ " l 6 " 1 ) 

The notations might be a little confusing, particularly in B4. What is meant 
is simply an antisymmetrization in ^k u k for k = 1,2,3,4. 
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C The explicit expressions for M( in (15.221) . 



The Mj-expressions in (15.220 are explicitly given by 



M< 



2 Ml^lAi21'2M3^3M4^4 



(X) 



M3 ^Vi^^flZVAlnViix) 



Pli.\V\iLZVi^li2V2iLAvJ\ X ) + -fM2f2M4I / 4^A 1 l^lM3I y 3 
P^2y2^-3,VZ^-^\V\^vJy X ^) + -^Ml^l/M^^/^^ W3 



(*) + 



- ! ' r ?[/^l[/X2 7 ?^2]l'l]^-^3^3M4^4( a; ') + 

? ?[/x 3 ^4 r ?^4]^3]^A t l I/ lA 1 2f2 l 3 ") + 

7 ?[/^l[/i3 r ?^3]^l]^A t 2^2A 1 4^4( :E ) + 

7 ?[A12[^4 r ?^4]^2]^A t l ;/ lM3^3 ( X ) + 

7 7[At2[M3 7 ^3]^2]- / Vl^lW4( X ) + 

T /[/il[/i4 r ?^4]^l]^A t 2l / 2A t 3^3 ( X - 



D (j?[^2[M3^3][/M A ^2]^l ( X ) + 

7 ?[/i 2 [/i 4 r ?^4][A t 3 A ^3]^2]Ml^l ( X ) ~'~ 

T ?[A t 3[^2 7 ?^2][M4 A l / 4]^3]Atll'l ( X ) + 

7 ?[/i3[/ii r ?^l][^4 A ^4]^3]M21'2( X ) + 

r ?[Atl[A»3 7 ?^3][A t 4 A l / 4]^l]M21'2( X ) + 

V{^\p,4 r }l>4,\[llz^-V3\vi\ll2V2( X ) + 

7 ?[/ll[/i2 r ?^2][At4 A l'4]^l]M31'3( X ) ~'~ 

7 ?[All[/i4 r ?^4][A t 2 A ^2]^l]M3l y 3( X ) + 

7 ?[/i 2 [/ii r ?^l][M4 A l / 4 ]^2]M3l y 3( X ) + 

T /[Al 2 [/ii r ?^l][A t 3 A l / 3]^2]M4l' 4 ( X ) + 

7 ?[Ati[/i3 r ?^3][/i 2 A l'2]^l]M4l y 4( X ) + 



7 ?[/ii[/i 2 r ?^2][A t 3 A l'3]^l]M4l y 4( X ) )' 



D ( ?7[M4[Mi 7 ?[M3[M2 A ^]H^]^]( a; ) + 

7 ?[/i4[/ii r ?[/i2[/i3 A ^3]^l]l y 2]l / 4 ] ( X ) + 
7 ?[At3[Mi r ?[^2[/i4 A ^4]^l]^2]l'3] ( X ) J ' 
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Mi 



5 /il^l/i2^2M3^3A*4^4 



(x) = P^lUifJ,2V2 r l[^3[lJ,4^U4}u 3 ]( X ) + 

^ll"l/*3I'3%l2[/i4 A l'4]f2] ( X ) ~'~ 
-Pm2^2M41'4 7 7[mi[M3 A !A ! ]^i]( X ) + 
^U2f2/i3f3 , 7[/il[/i4'^^4];/l]( X ) + 
P/X! U! [14 V4 V[H2 [M3 A l/ 3 ] U 2 ] ( X ) ' 



fl 1 u 1 fl2U2H3^3fJ-4^4( X ) — ^ y r ll^l[tl2 r lu2]vi]V[fM3l^4^U4]u 3 } ( X ) + 

^ [M4 ^4]^3] %1 [M2 A 'l/ 2 ]^l] ( X ) + 

%2 [M4 Vu^] V\pi \p 3 K 3 ]vi] ( X ) + 

^[MS^sM^Ml^^W]^) + 

M7 ^i!/i/i 2 ^2M3^3M4^4( X ) = D ^ 7 ?[Ml[A t 3 7 ?l y 3][M4 r) ^4][^2^-^2]^l] ^' r ) ~'~ 

'?[^ 1 [M4^4][M3^3][M2 A l2]^l]( X ) + 

^[/il^^l^^llMS^s]^] ( x ) + 

^Mi[M4^4][M2^ 2 ][M3 A ^M]( X ) + 

V[iJ, 1 [iJ,2Vu 2 ][^ 3 Viy 3 ][ij, 4 K 4 ]u 1 ] ( x ) + 

^[MS^s]^^]^^]^]^) + 

%3 \jM ^4] [Ml ^l] [w A ^H] + 

^3 [Ml ^l] [M4^4] [M2 A 'u 2 ]u 3 ] + 

^M4[Ml^l][M3^3][M2 A ^H]( X ) + 

Vitl4 [fl3 ^3] [Ml ^1 ] [M2 A ^H] ( X ) + 

% 4 [Ml Vui] [M2 ^2] [M3 A '» 3 ]u 4 ] ( X ) + 
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8 Atl^l/121'2/i31 / 3^4^4 



M< 



9 Atl^l/i2l'2^3l y 3^4^4 



(s) 



M 



10 Ml^lA t 2^2M3^3M4^4 



(*) 



? 7[/il[At3 r ?;/3]t/l] r ?[/i2[At4 ? ?f4]^2] + 



V[m[n2 r lv 2 ][» 3 Vv3][l^ r lu 4 ]v 1 ] + 

r l[ni[fJ,3Vl/3][lJ,2 r lv2][fJ,4 r ll'4,]l'l] 
^[Ml[M4^4][M2^2][M3^3]^l] ) D A"(x) 



7 ?[/Xi^2 7 7^2]^l]-^M31'3M4^4 + 

r ?[/X2[M4 r ?^4]t / 2]^Ml I 'lM3^3 + 

V[fJ,ll/J,4, r ll'4\ui]PlJ,2l / 2IJ.3^3 

7 ?[/i2[M3 r ?^3]l / 2]-^Ml I/ lM4^4 )A 



%l[At3^][A*4^4][A*2^]^] + 

'/[Atl[A*2 7 ?^]|>4 7 ?I'4][^3^]^] + 
^[Ml[At4^4][M2^2][M3^]^l] + 

11lt H \p,3V» 3 ][ni r llS 1 ][fl 2 dv2) d l'4] + 
Vll*3\MlV» 1 ][ l *2Vv2]l IM d V4] d V 3 ] + 



where P, A and A', A" are denned in (EU9l) and ([521]). 
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D Calculation of the quadratic condition 
£2(1/) = in subsection 10.3. 

The quadratic condition for the invariance of the manifest Lagrangian in the 
s = 3 case is (from (110.561) ) 

C 2 = F 2 + a{F') 2 + I3{F") 2 = 0. (D.l) 

From (fTaiID - (fTal6ll I find 

(F(y)|o) 2 = 48(d + 2)L 2 + 48(L') 2 - 192M AB M BA , 
(F(y)\ y ) 2 =96L 2 , (F(y)\ )-(F(y)\ y ) = -96L 2 . (D.2) 

where the functions on the right-hand sides are defined in (|1(J.47|) and 
(|10.5ip . By means of these definitions I find the relation 

M AB M BA = M 2 -hjJ) 2 . (D.3) 

Hence, 

F 2 = (F(y)\ ) 2 + (F(y)\ y ) 2 + 2(F(y)|„) ■ (F{y)\ y ) = 

48 (dl 2 + 3(Z') 2 - 4M 2 ^) . (D.4) 

By means of the expressions in ()10.50p I find 

(F'[ ) 2 = 4dL 2 + 12(d + 2)(L') 2 - 32dM AB M BA + 16(d + 2)M 2 , 
Iv) 



(F'(y)|,) 2 = 8(L / ) 2 + 32M 2 , 



(F'(y)\ ) ■ (F'(y)\ y ) = -8(L') 2 - 32M 2 . (D.5) 

This implies by means of (|D.3|) 

(F'(y)) 2 = (F'|o) 2 + (F%) 2 + 2(F'(y)\ ) ■ (F'(y)\ y ) = 

4d 2 L 2 + 4(7d + 4)(L') 2 - 16dM 2 . (D.6) 

Finally I find from (fT033|) 

(F"\ ) 2 =A(d + l) 2 (L') 2 , 

(F"\ y ) 2 =0, (F"(y)\ ).(F"(y)\ y ) = 0. (D.7) 

Condition ([Till b ecomes therefore 

£ 2 = 4d(12 + ad)L 2 + 4(36 + a(7d + 4) + p(d + 1) 2 )(Z') 2 - 

-16(12 + ad)M 2 = 0. (D.8) 
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E The transformation formulas in subsection 10.4. 



The special gauge transformations (|10.73p imply for the basic field strength 
(|10.65|) . F -> F + F, where in turn 



FA 1 B 1 A 2 B 2 A 3 B 3 A 4 B A {y) = F Al B 1 A 2 B 2 A 3 B 3 A 4 B 4 (y)\o + F Al B 1 A 2 B 2 A 3 B 3 A 4 B 4 (y)\ 



and 



Fa 1 b 1 a 2 b 2 a 3 b 3 a 4 b 4 (y)\c 



2 { r ]lA 1 [A 2 d[A 3 d[A 4 4 ) B 4 }B 3 ]B 2 ]B 1 } + 
+V[A 1 [A 3 d[A 2 d[A 4 (f>B 4 ]B 2 ]B 3 }B 1 } + 
+VlA 1 lA 4 d[A 3 d[A 2 4>B 2 }B 3 }B 4 }B 1 } + 
+V[A 2 [A 3 d[A 4 d[A 1 4>B 1 ]B 4 ]B 3 }B 2 } + 
+V[A 2 lA 4 d[A 1 d[A 3 4>B 3 ]B 1 ]B 4 }B 2 } + 
+V[A 3 [A 4 d [Ai d [A 2 4>B 2 ] Bx] B 4 ] B 3 ]), 



(E.l) 



Fa 1 B 1 A 2 B 2 A 3 B 3 A 4 B 4 (V) \y 



These expressions imply 



F B X B 2 A 3 B 3 A 4 B 4 (y) 



2 {y[A x 9[A 2 9[A 3 d[A 4 05 4 ]5 3 ]5 2 ]5i] + 
+y [A a d [A 3 9[A 4 9[Ai 4>B X ]B 4 ]B 3 ]B 2 ] + 
+2/[A 3 5 [A4 5 [Ai5[A 2 ^5 2 ]5i]5 4 ]5 3 ] + 
+y[A 4 9 [Ai%2 5 [A3^5 3 ]52]5i]54])- 



(E.2) 



71 AlA2 F Al B 1 A 2 B 2 A 3 B 3 A 4 B 4 (y) = 
F , B 1 B 2 A 3 B 3 A 4 B 4 (y)\o + -^5i52A353A 4 5 4 (y)ly; 



(E.3) 
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where 



F^BiAaBsAiBMh = 2 [i d + ^[aAa^B^B^ + 

+VB 1 B 2 d[A 3 d[A 4 4>B 4 ]B 3 ] + 

+ 7 lB 1 [A [i d[A 4 dB 2 ( i ) B 4 ]B 3 ] + VB 2 [A 3 d[A 4 dB 1 <f>B 4 ]B 3 ] + 
+ r lB 1 [A 4 9[A 3 9b 2 4>B 3 ]B 4 ] 

a/17 



-VB 1 [A 3 d[A 4 d A 

- 7 lB 2 [A 3 d[A 4 d A 4>AB 1 B 4 ]B 3 ] ~ 
~ r lB 1 [A 4 d[A 3 - 



+■ [ A4 ®[A 3 &B\ <j>B 3 ]B 4 ] 



+ 



4 d[A 3 d A 4>AB 2 B 3 ]B 4 ] 
~ r lB 2 [A 4 9[A 3 9 A (f>ABiB 3 ]B 4 ] 
+V[A 4 [A 3 ( a 4>B 1 B 2 B 3 ]B 4 ] + d Bl d B2 (i>B 3 ]B 4 ] ~ 

-d Bl d A (f>AB 2 B 3 }B 4 ] - dB 2 d A 4> ABlBs ] B4 ]) S j , 



r B 1 B 2 A 3 B 3 A 4 B 4 (y)\ y 



where 



Furthermore, I find 



2 \yB! 9b 2 d[A 3 d[A 4 <f>B 4 ]B 3 ] + 

+yB 2 dB 1 d[A 3 d[A 4 (f>B 4 ]B 3 ] ~ 
-yB^Aa^M^ABtB^Ba] ~ 
-yB 2 d [ A 3 dlA 4 d A 4>AB 1 B 4 ]B 3 ] + 

+y{A 3 ( a d{A 4 ( t ) B 1 B 2 B 4 }B 3 } + dB^B^A^B^B-i] ~ 
-d Bl d[A 4 d A (t)AB 2 B 4 ]B 3 ] ~ 9b 2 9[A 4 & A 4*ABi -841-83]) + 
+y{A 4 ( a d{A 3 ( t ) B 1 B 2 B 3 ]B 4 } + dBidB 2 d[A 3 ^B 3 ]B4] ~ 
-d Bl d[A 3 d A <i>AB 2 B 3 ]B 4 } ~ 

-d B2 d [Aa d A ^AB 1 B 3 ]B 4 ]) ) , (E.4) 



^As(y) = v CD( t>ABCD(y)- 



(E.5) 



7?" (iA - r ,BiB 2 fpl 

r A 3 B 3 A 4 B 4 \y) = 2 1 ! p B±B 2 A 3 B 3 A 4 B 4 



(y) = 

F A 3 B 3 A 4 B 4 {y)\o + F A 3 B 3 A 4 B 4 {y)\yi 



(E.6) 
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where 

KmbM* = i((d + ?>)d [M d [A ^ B . i]BA] + 

+V[A 4 [AA a 4>B 3 ]B 4 ] - 9 A d B <t>ABB 3 ]B 4 }) 
K A B 3 A 4 B 4 (y)\y = l(y [AA (nd [A3 4> Bz]Bi] - d [A3 d A d B 4>ABB 3 ]B 4 ]) + 

+y[A 3 ( a d [A J B4]B . A] - d [A4 d A d B 4> ABB4]Bs] )\(E.7) 

and 

^BiB 2 B3B 4 (y) = 7 l AiA4 ^B lB2 A 3 B 3 A 4 B 4 (y) = 

= G BlB2BsB4 (y)\o + G' BlB2BsB4 (y)\ y , (E.8) 



where 



G B lB 2 B BB 4 (y)\o = 2 (d(2a0 BlB2B:jB4 + d Bl d B2 (f> BsB4 + d B:j d B4 ([> BlB2 

—d Bl d A (f> AB , 2B3B4 — d B2 d A 4> ABlB . iB4 — 
—dB 3 d A 4>AB 1 B 2 B 4 — d B4 d A (f) ABlB2B3 ) + 
+2(d Bl d B2 4> BsB4 + d Bs d B4 4> BlB2 ) - 
— (d Bl d Bs 4>b 2 b 4 + d Bl 8 Ba 4> B2 b . 3 + 
+d B2 d B:j (f) BlB4 + d B2 d B4 4> BlB:j ) + 
+Vb 1 b 2 ( a 4>B 3 B 4 + Bs d B4 4> - 
-d Bi d A 4> ABi - d Bi d A 4>ab 3 ) + 
+Vb 3 b 4 ( a 4> Bl B 2 + d Bl d B2 4> - 
-d Bl d A 4> AB , 2 - d B2 d A 4> ABl ) + 
+VBiB 3 [Q A Q B 4>abb 2 b 4 + d B , 2 d B4 (f> - 
-d B2 d A 4> ABi - d B4 d A 4> AB2 ) + 
+i]BiB 4 {d A d B (p ABB2B3 + d B2 d Bs 4> - 
-d B2 d A 4> ABz - d Bs d A 4> AB2 ) + 
+Vb 2 b 3 {d A d B (j) ABBlB4 + d Bl d B4 4> - 
-d Bl d A 4> AB4 - d B4 d A 4> ABl ) + 
+VB2B4 (d A d B (f) ABBlB3 + d Bl d B . 3 (f> - 

-d Bl d A 4> ABz - d Bz d A 4> ABl )^ , 
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G" Bl B 2 B 3 B 4 (y)\y = 2^(y Bl 5 B2 + y B2 d Bl ) {^b 3 b a + 

+d B[i d B4 cf> - d Bs d A 4>AB 4 - d B4 d A 4>AB 3 ) + 
+ {yB 3 d B4 + y Bi d Bs ) {u^f) BlB2 + 
+d Bl d B2 4> - d Bl d A 4>AB 2 ~ 9 B2 d A ^>ABi) - 

-yB 1 ( a d A 4>AB 2 B 3 B 4 + d Ba d B4 d A 4>AB 2 ~ 

-d Bs d A d B 4>ABB 2 B 4 - d B4 d A d B 4>ABB 2 B 3 ) - 
-yB 2 { n d A (f>AB 1 B 3 B 4 + d Bs d B4 d A 4>AB 1 - 
-d Bs d A d B 4>ABB 1 B 4 - d B4 d A d B 4>ABB 1 B 3 ) - 

-yB 3 { a d A (f>AB 2 B 1 B 4 + d Bl d B2 d A 4>AB 4 ~ 

-d Bl d A d B 4>ABB 2 B 4 - d B2 d A d B 4>ABB 1 B 4 ) - 

-yB 4 ( a d A 4>AB 2 B 3 B L + d B2 d Bl d A (f>AB 3 ~ 
-d B2 d A d B 4>ABB lB3 - d Bl d A d B 4>ABB 2 B 3 )^j .(E.9) 

Then I have 

Fb 3 bM =V A3A4 F'i 3B3A4B4 (y) = 

= Fg B4 (y)\o + Fg B4 (y)\ yi (E.10) 

where 

Fg B4 (y)\o= 2((2d + l)D0B 3 B 4 - 

-(d - 2)d A d B j>ABB 3 B 4 + (d + 3){d Bs d B J - 

-d B . A d A 4>AB 4 - d B4 d A 4>AB 3 ) + 

+VB 3 B 4 (a4>-d A d B 4>AB)^j, 
Fg B4 (y)\ y = 2{[y B , A d B4 + y B4 d Bi ){a^-d A d B ^ A B) - 

-y B3 (ad A 4>AB 4 - d A d B d c 4>ABCB 4 ) - 

-y B4 (ad A 4>AB 3 - d A d B d C 4>ABCB 3 )^j • (E.ll) 

And finally 

U(y) ee V B3B4 Fg B4 (y) = 8(d+ l)([ty - d A d B <Pab) ■ (E.12) 
In the last two formulas 

4> = V AB 4>AB = V AB V CD 4>ABCD- (E.13) 
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By means of these expressions I find the following equalities which are 
relevant for the linear condition (|10.77p 

F MBMAMB -F AlBlA2B2A3B3A4B M = 

F' BlBMAiB ^y)F BlBMA4B M = 

= ^ BlB2j43B3 ^ B4 (Z/)^ lB ^ 3B 3A 4B4 (y)|0 = 

= 2(d + 2)F^ B ^3B3A 4 B 4(y) ^ 9[ ^^ 4]B3]i?2i?i + 

+l2F' ,AsB ^(y)d [A3 d [A J B4]B3] + 
+8G" B ^ B ^(y)(a^ BlB2BsB4 + d Bl d B2 B3B4 - 
-d Bl d A 4> AB2BaB4 - d B2 d A 4> ABlBzBi ), (E.15) 

F" AM ^{y)F'i 3B3MBi {y) = 

= F" A ^ A ^(y)F'i 3B3AiBi (y)\o = 

= 2(d + 3)F" A * B * A ^(y)d [A3 d [A J B4]B3] + 

+8F wb 3 b 4 ^ BsB4 _ d A d B 4> ABB3B4 ) , (E.16) 

G" B ^ B ^(y)G' BlBM (y) = 

= G" B ^ B ^(y)G' BlBM (y)\o = 

= AdG ,,B ^ B ^(y)(a4 >BlB2B3B4 + d Bl d B J B3B4 - 

—d Bl d A cp AB2B3B4 — d B2 d A <j) ABlBzB4 ) + 

+2F' B ^ B ^(y)d [Bl d [B J B3]Bi] + 

+i6F"' B * B *(y)(n0 B3B4 + d B3 d B J - d B? d A ^ AB4 - d B4 d A ^ AB3 ) - 

-SF'" B ^{y){n^ B2B4 - d A d B 4> ABB2B4 ), (E.17) 

F"' B ^(y)Fg B4 (y) = F"' B ^(y)Fg B4 (y)\ = 

= 2F"' B ^(y)((d-2){04 )B . iB4 - d A d B 4> ABB3B4 ) + 

+(d + 3)(d0b 3 b 4 + d B3 d B4 4> - d B3 d A 4> ABi - d B4 d A (f> AB3 ) + 
+2U(y){n4>-d A d B 4> AB ), (E.18) 

U(y)U(y) = 8{d + l)U{y) (D0 - d A d B 4> AB ) . (E.19) 
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